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Abstract— In this paper we study the problem of resource
allocation in communication networks, specifically bandwidth
and buffer allocation. We adopt a Stochastic Fluid Model
(SFM) and derive sensitivity estimators of the performance
measures of interest (average workload and packet loss vol-
ume) with respect of the control parameters (bandwidth share
and buffer thresholds). These estimators are shown to be
unbiased (with respect to the fluid-based measures), they
require no knowledge of the underlying stochastic processes
that drive the system (model free) and are very easy to
implement.

I. I NTRODUCTION

Management and control of large communication net-
works has proven a challenging task. On one hand, the
huge volume of traffic makes it infeasible to perform
any packet-by-packet analysis. On the other hand, analytic
models, largely based on Poisson processes, are inadequate
to capture the characteristics of realistic traffic (burstiness,
self-similar patterns). Consequently, efficient performance
analysis techniques that do not depend on detailed traffic
distributional information are highly desirable.

In this paper we study the problem of resource allocation
in communication networks, specifically bandwidth and
buffer allocation. We adopt the Stochastic Fluid Model
(SFM), an abstract modeling paradigm, and analyze two
performance measures of interest, (workload (and conse-
quently average packet delay) and loss volume), as functions
of the control parameters (bandwidth share and buffer
thresholds). SFMs have been used extensively in various
contexts, e.g., analyzing communication or manufacturing
systems (see [1], [2], [3], [4], [5] and references therein).

In this paper we follow the approach used in [6], [7]. In
this approach, based on the SFMs of the communication
network, we derive gradient estimates of the performance
measures of interest with respect to the control parameters;
these are commonly referred to as Infinitesimal Perturbation
Analysis (IPA) estimators (for more information on sample
derivatives and IPA, please refer to [8], [9]). These estima-
tors are independent of the underlying stochastic processes
that drive the system and are generally easy to implement.
Furthermore, they have been shown to be unbiased with
respect to the SFM-based measures. Furthermore, the gra-
dient estimation is doneon-line thus it can be combined
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with stochastic approximation techniques [10] to design a
controller for the real system such that, as the operating
conditions change, the controller will aim atcontinuously
seeking to optimize a generally time-varying performance
metric. Finally, we emphasize that SFMs are used foropti-
mizationrather thanperformance evaluation. Even though
it is well known that fluid models may not always evaluate
the performance of a communication network accurately,
it is not unreasonable to expect that fluid models can
identify the solution to an optimization problem, if they
can capture the “critical” features of the underlying system.
Such observations were made in [6], [11] and references
therein.

The approach used in this paper was also used in [6] to
control the buffer size (or buffer threshold) of a single traffic
class, single buffer node. Buffer thresholds for multiclass
systems were studied in [12] and tandem networks in
[13]. In [7] we generalize those results and derive sample
derivatives with respect to various control parameters that
affect the buffer capacity, as well as the fluid arrival and
departure processes. To the best of our knowledge, in all
examples considered so far in the literature, each buffer is
served by its own server and thus the bandwidth allocation
problem was not addressed in the framework presented in
this paper. However, bandwidth allocation is implicit in [7],
in the derivation of sensitivities with respect to service rate
parameters. In [7] it is implied that the scheduling policy
idling which leads to a nice decoupling between the sample
paths of the various buffers. The contribution of this paper
is that it extends the aforementioned framework to systems
with parallel buffers served by a single server usingnon-
idling scheduling policies. The use of non-idling policies
introduces a coupling between the sample paths of the par-
allel buffers which can no longer be treated independently.
This is particularly true for the buffer threshold parameters
where a small perturbation in the buffer size of one buffer
propagates perturbations in the buffer content of the other
buffer which can be also returned back to the perturbed
buffer.

II. T HE STOCHASTIC FLUID MODEL (SFM)

The basic SFM, used in this paper is shown in Fig. 1
and consists of a single-server preceded bym fluid storage
tanks each, allocated a proportion0 ≤ ρi ≤ 1, i = 1, · · · ,m
of the transmission capacityβ(t), such that

∑m
i ρi = 1.
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Fig. 1. System Model

We emphasize that in this model we consider a non-idling
scheduling policy (unlike the results of [7], [14]) that
imply an idling policy. The system is characterized by the
following stochastic processes, all defined on a common
probability space(Ω,F , P ) and labelled as follows:

• {αi(t)}: the input flow rate (inflow) to theith buffer,
i = 1, · · · ,m.

• {β(t)}: the service rate, i.e., the maximum fluid dis-
charge rate from the server.

• {δ(t; θ)}: the actual fluid discharge rate from the
server,

• {xi(t; θ)}: the buffer occupancy or buffer content of
the ith buffer, i = 1, · · · ,m.

• {γi(t; θ)}: the overflow rate due to a full buffer,i =
1, · · · ,m.

whereθ indicates the control parameter of interest. For this
paper, we will consider two types of control parameters, the
buffer threshold of each buffer (bi) and the bandwidth share
ρi, i = 1, · · · ,m. The above processes evolve over a given
time interval[0, T ] for a given fixed0 < T < ∞.

t

t

b1

b2

x1(t)

x2(t)

1
iC 1

1iC +
1

1iC −
1

2iC +

2
jC

2
1jC +

vi-1,0 vi-1,1 vi-1,2=vi,0 vi ,1 vi,2 …

sj,0 sj,1 sj,2 …sj,3 sj,4

t

t

b1

b2

x1(t)

x2(t)

1
iC 1

1iC +
1

1iC −
1

2iC +
1
iC 1

1iC +
1

1iC −
1

2iC +

2
jC

2
1jC +

vi-1,0 vi-1,1 vi-1,2=vi,0 vi ,1 vi,2 …

sj,0 sj,1 sj,2 …sj,3 sj,4

Fig. 2. Typical sample path whenm = 2

For simplicity, in the sequel we will assume thatm = 2,
ρ1 = ρ and ρ2 = 1 − ρ. Since we consider non-idling
scheduling policies, the sample paths of the two buffers
are coupled through the maximum outflows of each buffer
which are given by:

β1(t; θ) =
{

ρ1β(t) if x2(t; θ) > 0
β(t)− α2(t) if x2(t; θ) = 0 (1)

β2(t; θ) =
{

ρ2β(t) if x1(t; θ) > 0
β(t)− α1(t) if x1(t; θ) = 0 (2)

where againθ corresponds to the control parameter which
will be explicitly defined in subsequent sections. Further-
more, for simplicity we denote the net inflow process to
each buffer

Ai(t; θ) = αi(t)− βi(t; θ), i = 1, 2. (3)

As a results, the buffer content dynamics are defined by the
following one-sided differential equations,

dxi(t; θ)
dt+

=





0, if xi(t; θ) = 0 andAi(t; θ) ≤ 0
0, if xi(t; θ) = bi andAi(t; θ) ≥ 0
Ai(t; θ) if 0 < xi(t; θ) < bi

with initial conditionxi(0; θ) = x0, i = 1, 2; for simplicity,
we setx0 = 0 throughout the paper. In addition, the outflow
rateδ(t; θ) is defined by

δ(t; θ) =
{

β(t), if x1(t; θ) + x2(t; θ) > 0,
α1(t) + α2(t), if x1(t; θ) + x2(t; θ) = 0,

given by

γi(t; θ) =
{

Ai(t; θ), if xi(t; θ) = bi,
0, if xi(t; θ) < bi.

i = 1, 2. (4)

This SFM can be viewed as a dynamical system whose
input consists of the processes{αi(t)} and{β(t)}, its state
is comprised of the buffer content processes, and its output
includes the outflow and overflow processes. Since the input
functions{αi(t)} and {β(t)} are assumed finite, the state
trajectoriesxi(t; θ) are continuous int (see Assumption 1
in the following section).

We will assume that the real-valued parameterθ is
confined to a closed and bounded (compact) intervalΘ.
Let L(θ) : Θ → R be a random function defined over an
appropriate probability space(Ω,F , P ). Strictly speaking,
we write L(θ, ω) to indicate that this sample function
depends on the sample pointω ∈ Ω, but will drop ω unless
it is necessary to stress this fact. In what follows, we will
consider two performance metrics, theWork Q(θ) and the
Loss VolumeL(θ), both defined over the interval[0, T ] by
the following equations:

Qi(θ) =
∫ T

0

xi(t; θ)dt. (5)

Li(θ) =
∫ T

0

γi(t; θ)dt, (6)

where, as already mentioned, we assume thatx(0; θ) = 0
at the start of the interval[0, T ]. Observe that1T E [Li(θ)] is
the Expected Loss Rateover the interval[0, T ], a common
performance metric of interest (from which related metrics
such asLoss Probabilitycan also be derived). Similarly,
1
T E [Qi(θ)] is theExpected Buffer Contentover[0, T ] which
can be used to derive metrics related to average packet
delay.

Our objective in the next section is the estimation of
the sample derivativesQ′i(θ) = dQi(θ)/dθ and L′i(θ) =
dLi(θ)/dθ . Furthermore, we show that these estimates are
unbiased. First, we present some preliminaries which will
prove useful in the ensuing derivations.



A. Preliminaries and More Notation

The state trajectories can be decomposed into two kinds
of intervals: boundary (BP) and non-boundaryperiods
(NBP). Boundary periods are maximal intervals during
which the buffer is either empty (xi(t; θ) = 0) or full
(xi(t; θ) = b), i = 1, 2. Non-boundary periods are supremal
intervals during which the buffer is neither empty nor full
(0 < xi(t; θ) < b). Note that sincexi(t; θ) is continuous
in t, BPs are always closed intervals, whereas NBPs are
open intervals unless containing one of the end points (0
or T ). A NBP starts with either a bufferceaseto be empty
or full and ends with either a bufferbecomesfull or empty.
The kth NBP and the following BP constitute thekth
resetting cycle(Ci

k), k = 1, · · · , Ni, where Ni indicates
the random number of cycles observed in sample pathxi

during [0, T ]. For sample pathx1, the kth cycle starts at
point vk,0 and ends at pointvk,Rk

. Point vk,rk
indicates

the point where the cycle’s NBP ends and the following
BP starts. During the NBP, we also observerk − 1 events
buffer x2 becomes empty or ceases to be empty, denoted
by vk,j , j = 1, · · · , rk − 1. Furthermore, during the BP we
observeRk − rk − 1 buffer x2 becomes empty or ceases
to be empty events. The corresponding event times in the
x2 sample path are denoted bysk,j . However, we point out
that for this paper we will focus on derivingQ′1(θ) and
L′1(θ). The corresponding derivatives for bufferx2 can be
similarly derived.

Using the above sample path decomposition, during the
kth cycleC1

k the buffer content ofx1 is given by

x1(t; θ)=





b11[x1(vk,0) = b1]
+

∫ t

vk,0
A1(t; θ)dt if t ∈ [vk,0, vk,rk

)
b11[x1(vk,rk

) = b1] if t ∈ [vk,rk
, vk,Rk

)
(7)

Next, for any t ∈ [vk,j , vk,j+1), we define the function
sequencesGj(t), Ḡj(t), j = 0, · · · , Rk − 1, such that

G0(t) =
{

α1(t)− ρ1β(t) if x2(vk,0) > 0
α1(t) + α2(t)− β(t) if x2(vk,0) = 0

Ḡ0(t) =
{

α1(t)− ρ1β(t) if x2(vk,0) = 0
α1(t) + α2(t)− β(t) if x2(vk,0) > 0

and at every pointvk,j+1, j = 0, · · · , Rk − 1

Gj+1(t) = Ḡj(t) and Ḡj+1(t) = Gj(t) (8)

As a result we can rewrite

x1(t; θ) =



b111[vk,0]
+

∑Kk(t)
j=0

∫ vk,j+1

vk,j
Gj(t)dt if t ∈ [vk,0, vk,rk

)
b111[vk,rk

] if t ∈ [vk,rk
, vk,Rk

)
(9)

whereKk(t) is the minimumj such thatvk,j > t, i.e., it
counts the number of bufferx2 becomes empty or ceases
to be empty events in the interval[vk,0, t). We also set
vk,Kk(t) = t. Furthermore, we adopt the shorthand notation

11[t] = 1[x1(t) = b1]. Next, we also recognize that a NBP
starts and ends at some boundary, thus we can also write

b111[vk,0] +
rk−1∑

j=0

∫ vk,j+1

vk,j

Gj(t)dt = b111[vk,rk
] (10)

Furthermore, the loss rate during cyclek is given by

γ1(t; θ) =
{

0 for t ∈ [vk,0, vk,rk
)

A1(t; θ)11[vk,rk
] for t ∈ [vk,rk

, vk,Rk
)
(11)

Finally, using the decomposition of sample paths into cy-
cles, we can rewrite the objectives as

Q1(θ) =
N1∑

k=1

qk =
N1∑

k=1

∫ vk,Rk

vk,0

x1(t; θ)dt

=
N1∑

k=1




rk−1∑

j=0

∫ vk,j+1

vk,j

x1(t; θ)dt

+b111[vk,rk
] (vk,Rk

− vk,rk
)] (12)

L1(θ) =
N1∑

k=1

λk =
N1∑

k=1

∫ vk,Rk

vk,rk

γ1(t; θ)dt

=
N1∑

k=1

Rk−1∑

j=rk

11[vk,rk
]
∫ vk,j+1

vk,j

Gj(t)dt (13)

Next, we are ready to determine the sample derivatives with
respect toθ but we first point out that the existence of the
sample derivatives studied in this paper is guaranteed by
Assumption 1 shown below.

Assumption 1.
a. W.p.1, all defining processes(e.g., arrival and

service rate functionsα1(t) ≥ 0, α2(t) ≥ 0 and
β(t) ≥ 0) are piecewise analytic in[0, T ].

b. For everyθ ∈ Θ, w.p. 1, two events cannot occur
at exactly the same time. An exception is allowed
for pairs of events such that the occurrence of one
forces the immediate occurrence of the other.

c. W.p.1, no two processes{α1(t)}, {α2(t)} or
{β(t)}, have identical values during any open
subinterval of[0, T ].

All three parts ofAssumption 1 are mild technical condi-
tions which hold for all problems considered in the sequel.
Regarding partsb andc, we point out that even if they do
not hold, it is possible to use one-sided derivatives and still
carry out similar analysis. However, to keep the analysis
and notation manageable we impose these conditions.

III. I NFINITESIMAL PERTURBATION ANALYSIS (IPA)

In this section, we derive IPA derivative estimates of the
objective functions of interest (12) and (13) with respect
to the control parameters of interestρ, b1 andb2. The cor-
responding sensitivities forQ2(θ) and L2(θ) are similarly
derived. Differentiating (12) and (13) with respect toθ we



get

Q′1(θ) =
N1∑

k=1

q′k

=
N∑

k=1

[
b111[vk,rk

] v′k,Rk
− x1(vk,0)v′k,0

+
rk−1∑

j=0

∫ vk,j+1

vk,j

x′1(t; θ)dt

+b′111[vk,rk
] (vk,Rk

− vk,rk
)] (14)

L′1(θ) =
N1∑

k=1

λ′k

=
N1∑

k=1

11[vk,rk
]
Rk−1∑

j=rk

[
∆Gj(vk,j) +

∫ vk,j+1

vk,j

G′j(t)dt

]

(15)

where we use the prime notation to indicate the derivative
with respect to the control parameterθ. Also,

∆Gj(vk,j) =
[
Gj(vk,j+1)v′k,j+1 −Gj(vk,j)v′k,j

]
(16)

Next, we evaluate the derivative for the three different
control parametersρ, b1, andb2.

A. IPA Derivative with respect toρ

In this section we assume thatθ = ρ and seek the deriva-
tives of Q1(θ) and L1(θ) with respect toθ = ρ. Unlike
the IPA derivatives with respect to the buffer thresholds
(Sections III-B and III-C), where the cycle start and end
points are independent of the buffer thresholds, in this case,
the cycle start and end times do depend onθ. Note, that
these points, may correspond to events where the net inflow
α1(t)− ρβ(t) will change sign, and clearly, it does depend
on ρ. However, the following lemma does hold

Lemma 1:Let vk,0 andvk,Rk
be the starting and ending

points ofCk, k = 1, · · · , N1. Then,

G0(vk,0)v′k,0 = GRk
(vk,Rk

)v′k,Rk
= 0

whereGj(t) is defined in (8).
All proofs are omitted due to space limitations.

Next, recall from (9) that the buffer contentx1(t; θ) is
given by

x1(t; θ)

=





11[vk,0]
+

∫ t

vk,0
A1(t; θ)dt if x1(t; θ) ∈ [vk,0, vk,rk

)
11[vk,0] if x1(t; θ) ∈ [vk,rk

, vk,Rk
)

and that

Ai(t; θ) =
{

α1(t)− ρβ(t) if x2(t; θ) > 0
α1(t) + α2(t)− β(t) if x2(t; θ) = 0

Differentiatingx1(t; θ) with respect toθ we obtain

x′1(t; θ) =




−β̄(vk,0, t) if x1(t; θ) ∈ [vk,0, vk,rk

)
andx2(t; θ) > 0

0 otherwise
(17)

where

β̄(t1, t2) =
∫ t2

t1

β(t)dt

In general, this integral can be evaluated numerically, how-
ever, to simplify the following analysis, we will assume that
β(t) = β̄ constant, thus

β̄(t1, t2) = β̄(t2 − t1).

Combining the above with (17) and substituting in (14) we
get the workload IPA estimator of Proposition 1.

Next, we evaluateL′1(θ) and from (15) we observe that it
also requires information of theGj(vk,j)v′k,j (i.e., some rate
information at specific points in time, times the event time
derivativesv′k,j), j = 0, · · · , Rk. In this paper, we assume
that rate information can be observed or measured, so, next
we concentrate in determining the event time derivatives,
v′k,j , j = 0, · · · , Rk. However, rather than evaluatingv′k,j

directly, it turns out that it is more convenient to determine
the wholeGj(vk,j)v′k,j term as they appear in∆Gj(t) (16).

First, we start with the termsG0(vk,0)v′k,0 and
GRk−1(vk,Rk−1)v′k,Rk−1. These evaluate to0 due to
Lemma 1. Next, consider all pointsvk,j that correspond
to the events bufferx2 cease to be empty. For these terms
Gj(vk,j)v′k,j = 0. This can be easily shown by applying
the equivalent of Lemma 1 for a cycle in bufferx2 (note
that the event bufferx2 cease to be empty starts a new
cycle). For the remainingvk,j points, all butvk,1 or vk,rk+1

indicate events where bufferx2 became empty, and, this
event indicate the end of a NBP ofx2(t; θ) that was fully
contained within thekth NBP or BP ofx1(t; θ) i.e., the
x2 NBP was contained in the intervals[vk,0, vk,rk

) or
[vk,rk

, vk,Rk
) respectively. Letsj denote the starting point

of the NBP that ended withvk,j (Note thatsj = vk,j−1

if the NBP started with the eventx2 cease to be empty.
Otherwise, there is no correspondence betweensj and any
vk,j−1). During this NBP,x2(t; θ) goes from either of the
0 or b2 boundaries to0. Given that during these periods
x1(t; θ) > 0, then

b21[x2(sj ; θ)] +
∫ vk,j

sj

(α2(t)− θβ(t)) dt = 0

Differentiating with respect toθ = ρ and applying the
equivalent of Lemma 1 for thex2(t; θ) sample path (i.e.,
(α2(sj)− θβ(sj))s′j = 0), we obtain

(α2(vk,j)− θβ(vk,j)) v′k,j = 0

For any NBP of sample pathx1, x1(t; θ) goes from one
boundary to another, therefore

b111[vk,0] +
rk−1∑

j=0

∫ vk,j+1

vk,j

Gj(t)dt = b111[vk,rk
]



Differentiating with respect toθ we get

rk−1∑

j=0

(
Gj(vk,j+1)v′k,j+1 −Gj(vk,j)v′k,j

)
= 0.

All terms evaluated to0 as indicated above. The only terms
we did not show that evaluate to zero are the ones involving
vk,1 and vk,rk+1, when these end a NBP that extends
beyondC1

k. However, these also evaluate to zero (to see
this simply apply the equivalent of the above equation to
the cycles ofx2). Subsequently,Gj(vk,j)v′k,j = 0 for all
j = 0, · · · , Rk.

Proposition 1: The sample derivativesQ′(θ) and L′(θ)
with respect toθ = ρ are

Q′1(θ) =
N1∑

k=1

rk−1∑

j=0

(vk,j+1 − vk,j)21[x2(vk,j ; θ) > 0]

L′1(θ) =
N1∑

k=1

11[vk,rk
]×

Rk−1∑

j=rk

β̄ (vk,j+1 − vk,j)1[x2(vk,j ; θ) > 0] .

The estimatorsQ′(θ) andL′(θ) are very easy to implement.
They consists of several timersvk,j+1 − vk,j that measure
the interval between various events, namely points when
buffersx1 andx2 become empty or cease to be empty, or,
events when bufferx1 becomes full or cease to be full.

B. IPA Derivative with respect tob1

In this section we assume thatθ = b1 and seek the sample
derivativesQ′1(θ) andL′1(θ). This case seems very similar
to the single node problem studied in [6], [14], however, we
point out that there is a tight coupling between the sample
paths of the two buffers. Notice that the service process
of buffer x1 (and consequently ofx2) is not independent
from θ. Note that it is possible for a perturbation in
x1(t; θ) to propagate tox2(t; θ) (at some pointvk,rk

when
buffer x1 becomes empty) which can then be propagated
back to x1(t; θ) at some other pointvk+l,j , for somel, j,
when bufferx2 becomes empty. Nonetheless, one can still
differentiate (12) and (13) to obtain the following results.

Lemma 2:The cycle start and end points are independent
of θ = b1, i.e.,

v′k,0 = v′k,Rk
= 0, k = 1, · · · , N1

Proposition 2: The sample derivativesQ′(θ) and L′(θ)
with respect toθ are

Q′1(θ) =
N∑

k=1




rk−1∑

j=0

x′k,j(vk,j+1 − vk,j)

+11[vk,rk
] (vk,Rk

− vk,rk
)]

L′1(θ) =
N1∑

k=1

Rk−1∑

j=rk

∆Gj(vk,j)11[vk,rk
]

where∆Gj(t) is given by (16) and

x′k,j =
{

11[vk,0] +
∑j

l=0 ∆Gl(vk,l) if j < rk

11[vk,rk
] if j ≥ rk

Note that the sample derivativesQ′1(θ) and L′1(θ) can be
easily evaluated if we assume that we have some rate
information at the time instancesvk,j . They consists of
some timers that accumulate time differencesvk,j+1− vk,j

scaled by the rate information. The only remaining required
quantity for evaluating the sample derivatives are the event
time derivativesv′k,j . For the cycle beginning and ending
pointsv′k,0 = v′k,Rk

= 0, from Lemma 2. If in the interval
[vk,0, vk,rk

) no bufferx2 becomes empty event occurs, then,
v′k,rk

is given by the following lemma.
Lemma 3:Let vk,rk

denote the end point of thek NBP
and no bufferx2 becomes empty or cease to be empty event
has occurred in the interval[vk,0, vk,rk

). Then,

v′k,rk
=

11[vk,rk
]− 11[vk,0]

G0(vk,0)
Next, we investigate the remaining points,j =

1, · · · , rk − 1, rk + 1, · · · , Rk − 1, which correspond to
the events bufferx2 becomes emptyor ceases to be empty.
The event time derivatives are alsov′k,j = 0 if vk,j

corresponds to an event bufferx2 ceases to be empty(this
event is independent ofθ). Furthermore, for all points
vk,2, · · · , vk,rk−1 andvk,rk+2, · · · , vk,Rk−1 the event time
derivative is also0 because these events do not immediately
precede a bufferx1 becomes empty, therefore there is no
perturbation to be propagated back tox1(t; θ).

On the other hand, ifvk,1 or vk,rk+1 correspond to an
event bufferx2 becomes empty, thenv′k,j , j = 1, rk + 1 is
determined recursively. Letsj−1 denote the time when the
previous bufferx1 became empty event occurred. If an event
buffer x2 became full occurred in the interval(sj , vk,j),
then againv′k,j = 0 (perturbation is lost). On the other
hand, if no bufferx2 became full occurred in the interval
(sj , vk,j), then, the perturbation propagated tox2(sj ; θ) is
propagated back tox1(t; θ). Note that, sincevk,j is the next
point whenx2(t; θ) reached the0 boundary (immediately
following sj−1), then the following relation holds

x2(sj−1) +
∫ vk,j

sj−1

A2(t; θ)dt = 0

Differentiating with respect toθ, and rearranging terms

A2(vk,j)v′k,j = A2(sj−1)s′j−1−x′2(sj−1)−
∫ vk,j

sj−1

A′2(t; θ)dt

This constitutes a recursive algorithm for propagating per-
turbations fromx2(t; θ) back tox1(t; θ). v′k,j is the required
event time perturbation.s′j−1 is the event time perturbation
that was previously propagated fromx1 to x2. x′2(sj−1)
corresponds to perturbation in the content ofx2(t; θ) at
sj−1. Finally, the integral term simply accumulates all event
time perturbations that are propagated fromx1 to x2 during
all possible occurrences of the bufferx1 becomes empty
event that occurs during(sj−1, vk,j). Note that these are



evaluated by Lemma 3 since in the interval(sj−1, vk,j)
no bufferx2 becomes empty has occurred. Finally, for the
v′k,rk

we also have another recursive algorithm which is
derived by differentiating (10) with respect toθ. This is
applicable for the case when several bufferx2 becomes
empty events occur in the interval(vk,0, vk,rk

) (as opposed
to Lemma 3). It is important to note that the evaluation of
the event time derivatives at the two sample pathsx1, x2

must be completed in parallel.

C. IPA Derivative with respect tob2

In this section we assume thatθ = b2 and again seek the
derivatives ofQ1(θ) andL1(θ) with respect toθ = b2. As
indicated earlier, the coupling between the sample paths of
x1(t; θ) andx2(θ) occurs at points where the sample paths
experience a buffer becomesemptyevent.

Lemma 4:The cycle (C1
k) start and end pointsvk,0 and

vk,Rk
respectively are independent ofθ = b2. That is,

v′k,0 = v′k,Rk
= 0

Similar to Proposition 2, we also derive
Proposition 3: The sample derivativesQ′(θ) and L′(θ)

with respect toθ are

Q′1(θ) =
N∑

k=1




rk−1∑

j=0

x′k,j(vk,j+1 − vk,j)




L′1(θ) =
N1∑

k=1

Rk−1∑

j=rk

∆Gj(vk,j)11[vk,rk
]

where∆Gj(t) is given by (16) andx′k,j j = 1, · · · , rk − 1
is determined recursively

x′k,j+1 = x′k,j −Gj(vk,j)v′k,j

Note thatx′k,j = 0 for all j ≥ rk + 1 since x1(t; θ) is
on the boundary. Again, it is fairly easy to determine the
estimators above. The only challenge is the evaluation of the
event time derivatives which is again done recursively. As
with the previous section,v′k,j = 0 if the time corresponds
to a bufferx2 cease to be empty event.

For the remaining points,vk,j the event time derivatives
propagated fromx2(t; θ) to x1(t; θ) is given by

v′k,j = − 1
A2(vk,j)

1[x2 NBP started withx2(·) = b2]

A possible exception is when some perturbations inx1(t; θ)
propagate back tox2(t; θ) (due to a bufferx1 becomes
empty). These cases are handled as the ones described in
the previous section.

IV. ESTIMATOR UNBIASEDNESS

In this section we address theunbiasednessproperties
of the IPA estimators obtained above. An IPA estimator is
unbiasedif the following holds

dJ(θ)
dθ

=
dE [L(θ)]

dθ
= E

[
dL(θ)

dθ

]
= E [L′(θ)] .

whereL represents any sample function of interest (e.g.,
Qi(θ), Li(θ), i = 1, 2). In general, the unbiasedness of an
IPA derivativeL′(θ) has been shown to be ensured by the
following two conditions (see [15], Lemma A2, p.70):

Condition 1.
a. For everyθ ∈ Θ (whereΘ is a closed bounded

set), the sample derivativeL′(θ) exists w.p.1.
b. W.p.1, the random functionL(θ) is Lipschitz con-

tinuous throughoutΘ, and the (generally random)
Lipschitz constant has a finite first moment.

The existence of the sample derivatives studied in this
chapter is guaranteed by Assumption 1 from Section II-
A. Consequently, establishing the unbiasedness ofL′(θ),
reduces to verifying the Lipschitz continuity of the sample
functionL(θ) with appropriate Lipschitz constants.
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