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Abstract—We propose a sequential probabilistic mixture
model for individualized tumor growth forecasting. In
contrast to conventional deterministic methods for estima-
tion and prediction of tumor evolution, we utilize all
available tumor-specific observations up to the present time
to approximate the unknown multi-scale process of tumor
growth over time, in a stochastic context. The suggested
mixture model uses prior information obtained from the
general population and becomes more individualized as more
observations from the tumor are sequentially taken into
account. Inference can be carried out using the full, possibly
multimodal, posterior, and predictive distributions instead of
point estimates. In our simulation study we illustrate the
superiority of the suggested multi-process dynamic linear
model compared to the single process alternative. The
validation of our approach was performed with experimental
data from mice. The methodology suggested in the present
study may provide a starting point for personalized adaptive
treatment strategies.

Keywords—Computational oncology, Tumor-specific statis-

tical modeling, Bayesian forecasting, Gompertz growth law.

INTRODUCTION

Cancer arises through a very complex, multi-step
process that involves a large degree of genetic instability,
leading to the initiation of biological processes essential
for tumor initiation, development, and maintenance.
Thequantitative characteristics of tumor growth, froma

macroscopic perspective, have been extensively studied
over the past decades. The development of mathemati-
cal models describing the evolution of a tumor over time
has had a significant effect on understanding biological
growth dynamics,6 the evolution of resistance to anti-
cancer therapy and the design of optimal control strat-
egies through constrained optimization.24 Even a quick
look at the literature reveals a large number of growth
models, either deterministic or probabilistic/stochastic,
such as compartmental ordinary differential equations,
cellular automata, mechanical models, and many
more.1,2,4,6,7,9,10,17,19–23,25–28 Some recent examples in-
clude Bodnar et al.,4 who proposed a modified delayed
Gompertz model with an extra term describing treat-
ment effect; Stylianopoulos et al.27 and MacLaurin
et al.19 have developed deterministic mechanical models
for tumor growth. The former takes into account
growth-induced, externally applied and fluid pressure
and the lattermodels the buckling of capillaries in cancer
tumours using nonlinear solidmechanics.Hadjiandreou
and Mitsis14–16 have suggested compartmental differ-
ential equation models that take into account drug
toxicity and resistance and have used these to design
optimal therapy strategies. Alemani et al.2 used a hybrid
approach consisting of cellular automata and the lattice
Boltzmann method to model tumor growth, nutrient
diffusion, and immune competition. While such mod-
eling techniques2,19,27 are undeniably very useful, they
are often computationally expensive and both analytical
solutions and parameter estimation are typically infea-
sible. Another limitation of such approaches is that
individualized tumor growthmodeling is very difficult to
implement when only macroscopic measurements are
available, as is often the case in practice. The more
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complex a model is, the more physiological phenomena
or processes it may potentially take into account.
However at the same time, both the theoretical and
practical analyses may become considerably harder,
e.g., identifiability problems may arise. Consequently, a
trade-off between these two aspects must be sought.

Based on experimental data, the growth rate of a
malignant tumor has been characterized as exponential
at the beginning of the course of the disease, followed
by a linear growth towards an asymptote which is
usually termed as maximum carrying capacity. Several
mathematical, mostly phenomenological growth
curves, have been used to model this or a similar
behavior.24 However, the performance of such models
depends crucially on the reliable estimation of their
unknown parameters. For animal models, these
parameters are typically estimated by carrying out
experiments where the tumor size is observed and
recorded across time for each subject. Based on the
observations, parameter estimates for each subject may
be obtained, since each subject has a unique response
to carcinogenesis that dictates the assumption of
individualized models. Unlike other diseases,18 this
approach is rarely feasible for models describing tumor
growth for human patients. Thus, because of the small
sample size, any kind of model estimates are difficult to
obtain and bound to have small precision (large vari-
ability), yielding results that are characterized by
considerable uncertainty. Hence, even though theo-
retically attractive, the aforementioned models for
tumor growth dynamics should be improved in order
for them to be directly applicable for either forecasting
or personalized optimal therapy planning.

In the above context, motivated by the urgent need for
tumor-specific treatment strategies, we propose an
approach that addresses some of the important short-
comings of existing growth models. Our approach is
applicable in cases where only a handful of macroscopic
measurements (tumor volume) may be available, as is
often the case in practical situations, in contrast to more
detailed mechanistic models such as, e.g., cellular auto-
matamodels. Specifically we hypothesize that, compared
to the deterministic framework, a more realistic descrip-
tion of complex physiological phenomena (such as the
dynamic growthof a tumor in a given subject), withmany
possible different sources of uncertainty, can be achieved
by obtaining probabilistic inferences about any quantity
of interest. In this context, the objective of this study is to
suggest (i) a statistical tumor-specific growth model, (ii)
an individualized recurrent updating procedure for the
model parameters, and (iii) a sequential approach to
forecast tumor dynamics under the Bayesian framework.
In the next section we discuss the growth model and the
suggested statistical framework. In the ‘‘Results’’ section,
we present the results from both extensive simulations

and the application of the model to experimental data. A
discussion on the main findings of our study and an
outline of the conclusions and prospects of the suggested
methodology follows.

MATERIALS AND METHODS

The Growth Law

We are interested in modeling and forecasting a
univariate time series, i.e., tumor volume across time. In
the following, we consider a model that obeys the
Gompertz-law,20,24 due to its simplicity, popularity, and
ability to fit tumor growth experimental data relatively
well. The generalization of our model in order to
accommodate for any continuous function that de-
scribes the temporal tumor dynamics is straightforward.

Let Yt denote the log tumor volume at time t> 0.
The deterministic Gompertz-type tumor growth func-
tion is defined by

Yt ¼
c1
c2
�
�
c1
c2
� lnðN0Þ

�
expð�c2tÞ: ð1Þ

Different values of the positive real valued parameters c1
and c2 can be used to determine the evolution of different
tumor types,22withN0 > 0being the initial tumorvolume
and c1/c2 being the maximum carrying capacity for a
specific subject.Nonetheless, because of various physical,
mechanical, andbiochemical factors, aswell as the spatial
and temporal heterogeneityof tumors, it is quite common
to observe discrepancies within and between subjects
and/or tumors as well as deviations from the baseline
response to a particular form of cancer. Therefore, it is
reasonable, in the face of uncertainty, to treat the
parameters of the model as random variables.

The Gaussian Dynamic Linear Model

Let It be the set of all available information at time
t. As time passes, new observations become available
for inclusion in the model, thus updating our infor-
mation. We can express this information as: It = {Y-

t, It
*, It21}, with I0 = {Y0, I0

*}, where It
* represents any

additional relevant information obtained at time
t, e.g., an expert opinion that may alter our beliefs on
how the series Yt+k, for k> 0, will evolve.

Bayesian information updating combines informa-
tion from different sources in a coherent way. This is
achieved by Bayes’ rule, according to which

pðhjDÞ ¼ pðDjhÞpðhÞR
H pðDjh0Þpðh0Þdh0

;

i.e., posterior ¼ Likelihood� Prior

NormalizingConstant
;
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where h is some unknown parameter vector of interest
and D is the available data. Thus, in order to have an
explicit expression of the posterior, the integral in the
denominator must be analytically calculated. One way
to avoid the analytic calculation of the integral and still
obtain the exact posterior distribution is to use con-
jugate priors. This can be done by choosing the prior,
pðhÞ; such that it belongs to the same family of distri-
butions as the likelihood.5 Note, however, that the
analytical calculation is not always feasible, even in the
case of a conjugate prior.

An appropriate dynamic linear model11,29 (DLM)
describing the progression of Eq. (1) over time is de-
fined by Yt = a1,t + a2,t Xt + vt, with Xt ¼ expð�c2tÞ
and c2 fixed, vt ~ N(0, Vt), a1,t = a1,t21 + w1,t, a2,-
(0, Vt), a1,t = a1,t21 + w1,t, a2,t = a2,t21 + w2,t, and
wt � Nð0;WtÞ: Here, vt is independent of ðht;Yt�1Þ;wt

is independent of ðht�1;Yt�1Þ; where wt ¼ ðw1;t;
w2;tÞ0; ht ¼ ða1;t; a2;tÞ0 and the superscript t denotes the
set of all observed data up to and including time point
t, e.g., Yt�1 ¼ fY0;Y1; . . .;Yt�1g:

The updating recurrence relationships for the
parameters of our model and the one-step ahead
forecast error et ¼ Yt � E

�
YtjYt�1� are derived using

the concept of conditional independence (the future is
independent of the past, given the present) and the
Bayes theorem. All the information regarding the fu-
ture is based on inference drawn from the posterior
distribution. In the sequel, whenever we quantify the
uncertainty for our model predictions, we refer to the
highest predictive density (HPD) regions with respect
to these predictions. A region Ra � H is said to be a
highest density region for h of size a with respect to
p(h) if the conditions: (i) Pðh 2 RaÞ ¼ a and (ii)
p(h1) ‡ p(h2) for all h1 2 Ra and h2 j2Ra; hold.

8,29

Estimating the Variances

Firstly, let us assume that the observational vari-
ance is constant, i.e., Vt = V. Then we can address the
uncertainty on V by using standard Bayesian conjugate
analysis.7,11 Let / = 1/V be the precision variable. We
assume that / follows a gamma distribution (equiva-
lently, inverse gamma for V) and define the prior dis-
tribution (/|I0) ~ G(n0/2, d0/2), where n0; d0 2 Rþ and
G denotes the gamma distribution. Note that the mean
of this prior distribution 1/S0, where S0 = d0/n0, is a
prior point estimate of V. When V is unknown, it can
be shown29 that the posterior distributions of the
model coefficients as well as the forecast distribution
are no longer normal but rather follow non-standard-
ized t-distributions. We will use the notation Tn[m, C]
to denote the non-standardized t-distribution with n
degrees of freedom, mean m, and scale parameter C.

Nevertheless, in our particular case the observa-
tional variance is not constant through time. There-
fore, we assume that the precision of the observation
error is subject to a random disturbance at each time
point. Specifically, in order to model the transition
from /t21 to /t we use a random walk which satisfies
E(/t21|It21) = E(/t|It21). Now, we set /t = ct /t21 /
0.95, where ct ~ B (0.95 nt21/2, 0.05 nt21/2) is a random
variable that is independent of /t21, with B repre-
senting the beta distribution, for 0< ct < 1 with
E(ct|It21) = 0.95. At time point t 2 1, the posterior
distribution of /t21 is given by (/t21|It21) ~ G(nt21/2,
dt21/2). We estimate the evolution covariance matrix
Wt using discounted variance learning, i.e., by defining
Wt to be a fixed proportion of Ct�1 ¼ Varðht�1jIt�1Þ:
Particularly, we use Wt ¼ d� Ct�1; for all t> 0, with
d ‡ 0. This results in an increase in the variance of the
prior distribution pðhtjIt�1Þ at time point t, compared
to the posterior pðht�1jIt�1Þ at time t 2 1, by a factor
1 + d.

Model Specification

Let Ft ¼ ð1;XtÞ0: After discussing the choice of
distributions for the variance components and the
ramifications on the other distributions,11,29 we can
now write our model and the one step-ahead forecast
distributions as follows:

Observation: Yt ¼ F
0

tht þ vt; vt � Nð0; 1=/tÞ
State: ht ¼ Ght�1 þ wt; wt � Tnt�1ð0;WtÞ
Precision: /t = ct /t21/0.95, ct � Bð0:95nt�1=
2; 0:05nt�1=2Þ
Forecast: YtjIt�1T0:95nt�1ðft;QtÞ

with ft ¼ F
0

tat and Qt ¼ F
0

tRtFt þ St�1: We also have
that

ðht�1jIt�1Þ � Tnt�1ðmt�1;Ct�1Þ

ðhtjIt�1Þ � Tnt�1ðat;RtÞ

ð/t�1jIt�1Þ � Gðnt�1=2; dt�1=2Þ

ð/tjIt�1Þ � Gð0:95nt�1=2; 0:95dt�1=2Þ

with at ¼ Gtmt�1;Rt ¼ GtCt�1G
0
t þWt and St21 =

dt21/nt21. The sequential updating of ourmodel is based
on the following recurrence relationships:

ðhtjItÞ � Tntðmt;CtÞ

ð/tjItÞ � Gðnt=2; dt=2Þ

using mt ¼ at þAtet;Ct ¼ ðSt=St�1ÞðRt �AtA
0

tQtÞ; nt ¼
0:95nt�1 þ 1; dt ¼ 0:95dt�1 þ St�1e

2
t =Qt;St ¼ dt=nt; et ¼

Yt � ft and At ¼ RtFt=Qt:
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For the above to be consistent with the model we
describe in ‘‘The Gaussian Dynamic Linear Model’’
section, we need to set G ¼ I2; the 2 9 2 identity ma-
trix, for all t. It is worth noting that, when G is the
identity matrix, the mean, mt; of the posterior distri-
bution of ht is equal to the mean, mt�1 of its prior
distribution plus a correction term which is propor-
tional to the forecast error et = Yt 2 ft. The first
obvious conclusion is that the greater the error, the
greater the difference between the two posterior means.
The matrix At ¼ RtFt=Qt controls the magnitude of
the correction term at each time point. It can be seen as
a measure of the posterior precision of ht relative to the
posterior prediction of the forecast, with the adaptive
coefficient At having less impact when the posterior of
ht is more precise. Also of note is that the posterior
precision C�1t is always larger than the corresponding
prior R�1t ; hence the posterior of the coefficient vector
will never be more diffuse (less informative) than the
prior. The recurrence relationship of nt converges to a
constant, with the limit being equal to 20. This implies
that while trying to accommodate the various sources
of uncertainty that influence our observations, we re-
strain the precision of the estimated variance at each
time point by bounding the degrees of freedom of the
posterior forecast distribution, Tnt , and not allowing it
to become approximately normal with thinner tails
compared to a t-distribution. A value smaller than 0.95
can be used as discount parameter, increasing the
variance of the random variable ct, but at the same
time the limiting value of nt will decrease.

Multi-Process Modeling

Whereas any single DLM defines a process model, a
combination of several DLMs defines a multi-process
model (MPDLM), also known as mixture model.29 In
many occasions, in order to satisfy the local linearity
assumptions of the DLM, we conventionally assume
that some quantities, denoted by c; which would be
otherwise considered random, are fixed and known.
For these, we usually use a plug-in estimate in the
model that is obtained from the training data. Multi-
process modeling provides us the means to improve on
the plug-in approach when we deal with this kind of
situation.

Let MtðcÞ be a DLM for a given value of c 2 A;
where A is the parameter space. We consider the class
of MPDLMs under which we assume that there is a
true but unknown value of c; say c�: Then, our
objective is to choose a mixture, from a finite collection
of competing models, that is as close as possible to

Mtðc�Þ; even if no single component dynamic model is
appropriate to describe the evolution of the process.29

Let Nt be a vector of random quantities of interest;
for example, the state vector ht; the future observation
Yt+l, for l> 0, etc. Now consider that we fit more than
one such DLMs, where for each we choose a different
value for c: Inference about Nt in each DLM is based
on pðNtjc; ItÞ; thus many such densities may exist, one
for each c 2 A: Starting with an initial prior pðcjI0Þ for
c; as data become available we can sequentially update
pðcjItÞ using Bayes’ rule. Now the posterior pðcjItÞ
quantifies, in a sense, the support that each c receives
from the data we collected up to time t.

In order to infer on Nt without reference to
any particular value of c; we need to integrate c out,
that is:

pðNtjItÞ ¼
Z
A

pðNtjc; ItÞpðcjItÞdc: ð2Þ

In practice, we can approximate the integral in Eq. (2)
with a finite sum. Specifically, we choose a fixed and
finite grid of points for the parameter vector c; that is
fc1; . . .; ckg: The analysis is thus based on the use of a
finite collection of DLMs, updated in parallel, each
corresponding to a different choice of the parameter
value. In our case the dimension of c is one, thus k can
be chosen large enough, so that the points cover the
parameter space well, more easily.

Thereafter, c is considered a discrete random vari-
able, the posterior distribution of which has a mass
function pt at time t:

ptðjÞ ¼ pðcjjItÞ ðj ¼ 1; . . .; kÞ

with the initial prior distribution denoted by p0(j).
Hence, the integral in Eq. (2) is approximated and
replaced by the sum:

pðNtjItÞ ¼
Xk
j¼1

pðNtjc; ItÞptðjÞ: ð3Þ

Considering the one-step ahead forecast problem
(i.e., Nt ¼ Yt), the posteriors are calculated according
to:

ptðjÞ ¼ jtpt�1ðjÞpðYtjcj; It�1Þ;

where p(Yt | cj , It21) is the one-step ahead forecast
posterior density at time t 2 1. The normalizing con-
stant jt can be obtained by:

j�1t ¼
Xk
j¼1

pt�1ðjÞpðYtjcj; It�1Þ:

ACHILLEOS et al.1098



Reparameterization of the Dynamic Model

We define the system Yt = at + bt + vt, with
at = at21 + wa,t and bt = k bt21 + wb,t, where wa,t an
wb,t are the evolution variances, k ¼ expð�c2Þ and
0< k < 1. The differences compared to the model we
present in ‘‘Model Specification’’ section is that here,
Ft ¼ ð1; 1Þ0 while G is no longer the identity matrix but
G ¼ diagð1; kÞ: It is now evident that, for all t> 0, under
our framework, we treat at (and bt) as locally constant
(and decreasing by k a few points back and ahead in
time), with changes over longer periods of time to be
expected but modelled as purely stochastic.29

Therefore, we can employ the multi-process modeling
techniques for the parameter k. The parameter space is
restricted between 0 and 1, thus, lacking any prior
information on k, a reasonable approach is to consider a
set of possible values L for k from an equally spaced se-
quence between 0 and 1. If an initial estimate of k is
available, the boundariesof the sequence canbe chosen to
be tighter. The more data one has, the denser this se-
quencemay be.Note that the larger (smaller) the value of
k is, the slower (faster) the corresponding growth rate is.

RESULTS

Simulations

We generate data according to Eq. (1) subsequently
adding a zero-mean Gaussian noise with a constant
(with respect to time) signal-to-noise ratio (SNR).
Here, SNR is defined as:

SNRðtÞ ¼ lðtÞ
rðtÞ ; ð4Þ

where l(t) is the output value of the deterministic
equation (Eq. (1)) at time t after we input the values of
the simulation parameters c1, c2, and N0 (For all sim-
ulated datasets we use N0 = 110 mm3). Thus adding
noise with a constant SNR = C, means that at each
time point the standard deviation of the noise is
r(t) = l(t)/C.

We consider a 3 9 3 9 2 9 2 9 2 grid of parameter
values. Specifically, the parameters and their respec-
tive values used in our simulation study are:
c1¼f1:5;1:8;2:1g; c2¼f0:2;0:24;0:28g;ĉ1¼fð1þq11Þc1;
ð1þq12Þc1g;ĉ2¼fð1þq21Þ c2;ð1þq22Þc2g and SNR =

{10,4}. The values of c1 and c2 were chosen based on
the range of parameter values obtained from the
experimental data (‘‘Experimental Data’’ section);
thus, they are physiologically plausible but they also
span a wider range of possible behaviors. Their com-
binations yield a wide range of curves, both in terms of
growth rate and in terms of maximum carrying

capacity. The quantities ĉ1 and ĉ2 denote the initial
estimates of c1 and c2 respectively (in practice these
could be obtained from a set of available training
data). The quantities qij, i, j = 1, 2 are realizations
from Beta distributed random variables and are in-
cluded to accommodate the possibly large deviations
of our initial estimates from the true underlying
parameters (for a particular tumor). We use q11 ~
B(10, 90), q12 ~ B(50, 50), q21 ~ B(30, 70), and q22 ~
B(80,20). We remind that the expected value of a Beta
distributed r.v. q ~ B(a, b), is E(q) = a/b. Therefore the
values of qij determine how much our initial estimates
deviate from the true parameters of the underlying
curve. In addition, for the MPDLM we choose the set
of values for k to be L¼f0:2;0:4;0:6;0:8;0:95g:

For each of the 72 parameter combinations we
perform 100 realizations, where in each of these real-
izations we generate a different noise sample from the
underlying Gaussian distribution according to the
SNR and a new pair of samples (q1i,q2j) from their
respective Beta distributions, in order to generate a
new set of initial estimates This results in a total of
7200 simulated growth curves. We compare the per-
formance of the MPDLM and the DLM as well as a
naive deterministic method, where the fitted model is
based on the initial estimates. For each simulation in
our study we compute the mean absolute deviation
(MAD) of the forecasts from the simulated data, for all
three methods. For a single growth curve y1; y2. . .yT
and forecasts ŷ2; . . .; ŷT; the MAD is defined as:

MAD ¼ 1

T� 1

XT
t¼2
jyt � ŷtj ¼

1

T� 1

XT
t¼2
jetj: ð5Þ

In our simulation study we use T = 26. The pooled
MAD values from all 36 parameter sets for each SNR
are presented in Fig. 1.

In terms of raw average numbers, the MPDLM
outperforms (smaller MAD) both the DLM and the
naive method for all 72 parameter combinations.
However in some cases, the differences between the
MPDLM and DLM are relatively small, while the
naive method always fares much worse. In order to
obtain more formal results, we compare the MAD
values obtained by the three methods using Friedman’s
two-way analysis of variance by ranks, implementing
both the omnibus test that compares all three methods
and the post-hoc tests for pairwise comparisons.12 The
use of Friedman’s test is necessitated by the fact that
we calculate the quantitative response (MAD) for each
method using the same sample. Therefore each sample
defines a block in the test design. The three groups are
defined by the independent variable/factor which in
this case is the method used to obtain the MAD and
has three levels, Naive, Single DLM and MPDLM. We
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choose the non-parametric Friedman’s test over the
parametric repeated measures ANOVA since the
within-level distributions of the MADs appeared
skewed and deviated from the Normal distribution.
Additionally the assumption of sphericity is violated
since differences involving MADs from the Naive
method are more variable than the differences between
MADs obtained from the DLM and MPDLM meth-
ods.

The DLM and the naive method were found to be
statistically better than the MPDLM in none of the 72
tests we considered. The naive approach is always the
worst; on the other hand the difference between the
performance of the DLM and the MPDLM is non-
significant in a few occasions according to the post-hoc
tests. Specifically, those occasions occur only when we
use SNR = 4, i.e., when we generate more noisy data.
The choice of SNR appears to be the most important
factor that determines whether the MPDLM is statis-
tically better than the DLM, in terms of MAD. In all
36 parameter combinations we used with SNR = 10
(less noisy data) the MPDLM was significantly better
than the DLM. Among the 36 parameter combinations
we used with SNR = 4 (more noisy data) the MPDLM
was significantly better than the DLM in 28 while in
the remaining 8 combinations the MAD values yielded
by the two methods were not statistically different.
Figure 2 shows four representative realizations of our
simulations, two for each SNR value, where in the two

realizations with SNR = 10 and one realization with
SNR = 4 the MPDLM is found to perform better than
the DLM in a statistical sense, while in the other
SNR = 4 realization, the performance of the two tests
was not deemed different statistically.

The other factor that appears to affect the relative
performance of the two methods is the deviation of the
ratio ĉ1=ĉ2 for the initial estimates from the true
parameter ratio c1/c2. The deviation of the ratio ĉ1=ĉ2
from its true value c1/c2 is determined by the quantity
Rij defined as follows:

Rij :¼ ĉ1=ĉ2
c1=c2

¼ 1þ q1i
1þ q2j

; i; j ¼ 1; 2: ð6Þ

The closer to 1 Rij is, the closer our initial estimates are
to the true ratio. Because the values of the random
variables qij are different in the 100 simulations for
each parameter combination, we use the estimate
R̂ij ¼ Eð1þ q11Þ=Eð1þ q22Þ; where E denotes expected
value, when we compare the obtained MAD values for
different parameter combinations. The MPDLM per-
forms much better compared to the DLM when the
initial estimate of the ratio is not very accurate. For a
fixed i and j for the variables (q1i,q2j), the values of the
remaining three simulation parameters (c1, c2, SNR)
yield 18 combinations. Table 1 shows the relative
performance of the MPDLM compared to the DLM
for all pairs ði; jÞ 2 f1; 2g � f1; 2g: It is evident that the
further R̂ij is from 1, the better the relative perfor-
mance of the MPDLM compared to the DLM
becomes.

Representative results for the time evolution of the
estimated model coefficients ĥt ¼ ðât; b̂tÞ are given in
Fig. 3). When the MPDLM is used, the estimated
coefficients are more flexible and are able to adjust and
converge close to their true values faster. The top panels
of Fig. 3 correspond to a case where the MPDLM out-
performs theDLM,while the bottompanel corresponds
to a case where the two methods are not statistically
different. The real values of the parameters are calcu-
lated using the inverse transformations at = c1/c2 and
bt ¼ �ðc1=c2� logðN0ÞÞ expð�c2tÞ: Therefore, using
the MPDLM framework allows us to be more lenient
with the initial values and still obtain reliable results;
this is particularly evident in the case of the top panel.
This is due to the fact that the MPDLM has the ability
to adjust and choose a combination from a predeter-
mined set of single-process DLMs, as shown in Fig. 4,
where the one-step ahead forecast, themodelweights as
well as the convergence of the model parameters is gi-
ven for the case presented in the top panel of Fig. 3.
This is a case where the initial estimates are far from
their true values. In the early stage, the component
model with k = 0.2 has the largest weight, then the

FIGURE 1. Boxplots from the pooled MADs for the two SNR
levels considered. Each boxplot is obtained from 3600 real-
izations (MAD samples). The improvement in performance
yielded by the MPDLM was found to be statistically significant
(‘‘Simulations’’ section).
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model with k = 0.6 becomes the one with the largest
posterior weight and finally, the model with k = 0.8
dominates from t = 18 and onwards. This alterna-
tion between different models, helps the MPDLM
achieve the flexibility and fast convergence we see in
Fig. 3—top panel. Overall, our simulation study shows
that the MPDLM framework performs better than the
DLM in a statistical sense.

Experimental Data

In this section we study the predictive performance
of the proposed models using data from mice experi-
ments. At time t = 0 we start forecasting the future
tumor volume (one step-ahead forecast) initially using
the available information from the training data, which
are selected according to two different scenarios, and
then as time passes and more data are collected, we
update our model and adapt the tumor volume fore-
casts to reflect the tumor’s unique characteristics.

Experimental Methods and Materials

Tumors were prepared as described in previous
work26 by implanting a small piece (1 mm3) of viable
tumor tissue from a source tumor animal into the flank
or mammary fat pad (mfp) of a severe combined
immunodeficient (SCID) mouse. Specifically, the fol-
lowing four cancer cell lines were used: human glio-
blastoma U87 (flank, number of mice subjects ns = 6),
human fibrosarcoma HT1080 (flank, ns = 11), murine
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FIGURE 2. Four realizations from the simulation study with the forecasts obtained from the three methods and their corre-
sponding HPD intervals, where applicable. Top panels: SNR 5 10, Bottom panels: SNR 5 4. The top and bottom-left panels
correspond to parameter combinations where the MPDLM provided statistically better performance than the DLM while in the
bottom-right panel the two methods yielded MAD values that were found not to be statistically different. The naive method has the
worst performance in all cases. (The values of the parameters (c1, c2, q1i, q2j) are, from left to right and top to bottom:
(1.8, 0.2, q11, q22), (2.1, 0.24, q12, q21), (1.5, 0.28, q12, q21), and (1.8, 0.2, q11, q21)).

TABLE 1. Effect of the initial estimates ratio ĉ1=ĉ2 on the
relative performance of the MPDLM compared to the DLM.

q11 (E = 0.1) q12 (E = 0.5)

q21 (E = 0.3) R̂11 � 0:85

[12/18]

R̂12 � 1:15

[18/18]

q22 (E = 0.8) R̂21 � 0:61

[18/18]

R̂22 � 0:83

[16/18]

The values inside the square brackets correspond to the occasions

that the MPDLM statistically outperforms the DLM out of the 18

possible parameter combinations for (c1, c2, SNR).
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mammary adenocarcinoma 4T1 (mfp, ns = 12), and
murine mammary adenocarcinoma E0771 (mfp,
ns = 6). Tumor growth was monitored on a daily basis
and its planar dimensions (x, y) were measured with a
digital caliper every 2 days. The volume of the tumorwas
estimated from its planar dimensions using the volume
of an ellipsoid and assuming that the third dimension z is
equal to

ffiffiffiffiffiffi
xy
p

: Therefore, the tumor volume V equals

V ¼ 4p
3

xyz

8
¼ p

6
ðxyÞ3=2:

In Fig. 5 we present the course of tumor growth for all
available subjects, where the tumor volume N(t) is gi-
ven in mm3 and time is given in days. Each curve de-
scribes the growth of a tumor in a single mouse.

Choice of the Initial Values and Hyperparameters

Consider that we have tumor progression data that
come from individuals from the population of interest,
having the same type of cancer, denoted by Yi;1; . . .;Yi;ji ;

with i ¼ 1; . . .; nr;where nr is the number of subjects in the
training set and ji is the total number of observations for
subject i in the training set. In order to obtain the initial
values, we fit a non-linear least squares regression model
to each subject in our training set using the parametri-
zation (Eq. (1)). The resulting estimates of c1,i and c2,i are
denotedby ~c1;i and ~c2;i respectively for i ¼ 1; . . .; nr:Then,
we construct an ‘‘average’’ subject having a maximum

carrying capacity equal to ~a ¼ ~cmed
1

~cmed
2

where ~cmed
2 ¼

mediani¼1;...;nrf~c2;ig and ~cmed
1 ¼ ~cmed

2 � ~amed; with
~amed ¼ mediani¼1;...;nr

n
~c1;i
~c2;i

o
: We avoid using the mean

instead of the median due to effect that possible extreme
outliers might have. Once we have these estimates, we set
m0 ¼ ð~cmed

1 =~cmed
2 ; logðN0Þ � ~cmed

1 =~cmed
2 Þ

0: For a single
process DLMwe can choose k ¼ expð�~cmed

2 Þ;while for a
MPDLM with k component models we use
L ¼ fkð1Þ; . . .; kðkÞg;whereL is an equally spacedgridwith
k(1) and k(k) representing the smallest and largest esti-
mated k values from all available Yi;j; i ¼ 1; . . .; nr and
j ¼ 1; . . .; ji; respectively.

FIGURE 3. Evolution of the model parameters at and bt for two representative cases. We show the average behavior of these
parameters across all 100 simulated realizations from a given parameter combination. Top panels: The estimates correspond to a
case where the MPDLM outperforms the DLM in a statistical sense. Bottom line panels: The estimates correspond to a case where
the performance of the two methods was not found to be different in a statistical sense. (The set of simulation parameters
(SNR, c1, c2, q1i, q2j) for the two examples are: (10, 2.1, 0.24, q11, q22) on the top panel and (4, 1.5, 0.24, q11, q21) on the bottom
panel).
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In the ‘‘Simulations’’ section, it was shown that the
MPDLM framework yields better performance when
the values of the initial estimates for the unknown
model parameters deviate from their true values,
allowing us to be more lenient regarding the selection
of these values. In our experiments, we treated the
values for the hyperparameters n0, d0, C0, and d as
tuning parameters. Particularly, in order to assess the
effects of these tuning parameters on the predictive
performance of the model, a Monte Carlo simulation
experiment was performed using a factorial design for
all possible combinations of parameter values from
pre-specified grids. The predictive performance of each
model was assessed by the following penalty criterion:

LðMÞ ¼
Yn
t¼1

pðYtjIt�1Þ

which is the product of the one step-ahead forecast
densities evaluated at the actual observation, where n is
the observed sample size. Note that the larger the value
of the penalty criterion L, the better the predictive
performance of the model M. The values correspond-
ing to the best overall (for all cancer cell lines) per-

formance were chosen. Of course, using different
values for each cancer cell line would improve the
performance of both the single and multiprocess
DLMs even further but, at the same time, observation-
specific bias should also be considered.

Data Analysis and Validation

In order to assess the predictive performance of the
multi-process DLM we split the data in each of the
U87, HT1080, 4T1, and E0771 cell lines into training
and testing sets. Initially, we randomly select two
thirds of the mice in each cell line to comprise the
training data set and the remaining third to comprise
the testing set. Since the testing set is randomly selected
from the total number of mice used for each cancer cell
line in the study, we repeat the allocation nsCnT times to
account for the effect of randomness, where uCv de-
notes the total number of ways of picking v unordered
outcomes from u possibilities. Moreover, we generated
the training set by following a different procedure, i.e.,
by using only one mouse in this set for all possible
combinations of subjects and tumor types in order to

FIGURE 4. Model characteristics for the component models of the MPDLM—representative simulated case. Top left: One-step-
ahead-forecasts for the five component models. Top right: Posterior weights pt(j) 5 p(kj | It). Bottom line panels: Evolution of the
parameters at and bt for the five component models. (The simulation parameters for this example are
(SNR, c1, c2, q1i, q2j) 5 (10, 2.1, 0.24, q11, q22)).
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show that the suggested models perform well even in
cases when little prior information is available.

As mentioned above, the initial mean parameter m0

is chosen based on the non-linear least square estimates
~c1 and ~c2: From the analysis of the training set for each
cancer cell line we choose a set of five values for k
defining a five-component mixture model, and let
kð1Þ; . . .; kð5Þ denote the ordered (ascending) estimated
values of k corresponding to each component model
(for each cancer cell line, given the training set) using
the approach described in the ‘‘Choice of the Initial
Values and Hyperparameters’’ section. Based on a
factorial design using the training set, we set the initial
parameters d, n0, d0, and matrix C0 equal to
0.25, 1, 0.001, and diagð0:01; 0:01Þ respectively. We
found this choice to work well for the various types of
cancer cell lines we considered, even though the latter
exhibit various scales and features.

The comparisons are based on the MAD of the
forecasts obtained from each method (Figs. 6 and 7). In

order to formally assess the differences inMAD,weused
the non-parametric Friedman’s two-wayANOVA, both
for omnibus and post-hoc pairwise comparisons (Ta-
ble 2). The results indicate that the MPDLM is statis-
tically superior to both the DLM and Naive methods in
all cases but the EO771, where the difference is not sta-
tistically significant, even though in the case where we
use one training mouse the corresponding p-value is
marginally non-significant (p = 0.058—Table 2, line 7).

In addition to the boxplots presenting the full results,
we also show some representative cases, visualizing the
one-step ahead predictive performance of the MPDLM
for the various cancer types we considered in our study.
We overlay the performance of the naive and single
DLM methods as well (Figs. 8–11). The red dots (red
dashed lines) denote the one-step ahead predictions
(90%HPD intervals) of theMPDLM.Analogously, the
blue dots (blue dashed lines) denote the one-step ahead
predictions (90% HPD intervals) of the single process
DLM. The deterministic predictions of the naive

FIGURE 5. Experimental data for the course of tumor growth. Each curve describes growth of a tumor (log volume) in one mouse;
from top left to bottom right: 4T1, EO771, HT1080, and U87 cell line.
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approach are denoted by the light-blue dots. The black
dots represent the measured tumor volume at each time
point. The right top panels show the posterior proba-
bilities (weights) for the component models of the
MPDLM as time evolves. The bottom panels show the
posterior forecast distributions for the MPDLM (left)
and single-processDLM (right) as time evolves. Clearly,
the MPDLM is initially multimodal (it can have up to
five modes) and then as new information about the
specific tumor becomes available, the component model
or the combination of component models that better
describe the evolution of the observed data gain more

weight (posterior probability). On the other hand, the
forecast distributions of the DLM are unimodal t-dis-
tributions that become more diffused when uncertainty
increases and steeper (concentrated around the mode)
when the model prediction error is small.

The single process DLM performs better than the
naive method in terms of one-step ahead predictions,
but not as well as the MPDLM. For example, for the
subject belonging to the testing set of the HT1080
cancer cell line (Fig. 8), the tumor growth rate is faster
than the average rate. The naive approach is thus
underestimating the tumor volume. The performance

FIGURE 6. Boxplots of mean absolute deviation (MAD) values for each cancer cell line using the Naive, single DLM, and MPDLM
methods. Training set consists of 2/3 of mice.

FIGURE 7. Boxplots of mean absolute deviation (MAD) values for each cancer cell line using the Naive, single DLM, and MPDLM
methods. Training set consists of only one mouse per line.
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of the other two methods is better but the MPDLM is
more accurate—note importantly that the observation
of the tumor size at the sixth day lies outside the 90%
HPD intervals of the DLM. The component model
corresponding to the second smallest value of k, i.e.,
k(2), receives most of the support from the data, with a
posterior weight lying above 0.58 for all time points. In
the examples from the cancer cell lines E0771 and U87,
the component model corresponding to the largest

value of k eventually dominates its rivals (Figs. 9 and
11—top right panels), while for cancer cell line 4T1 the
two models corresponding to the largest k values result
in the largest posterior weights (Fig. 10). This is also
apparent from the bottom left panel, where the fore-
cast distribution of the MPDLM is unimodal at all
time points, apart from the first two points in time,
where it is bimodal (Fig. 11). From the latter figure, it
can be also seen that the MPDLM adapts faster than

TABLE 2. P-values for the omnibus and post-hoc tests (Friedman’s two-way ANOVA) for the MAD values obtained from the naive,
DLM, and MPDLM methods.

Training set Test

Cell lines

4T1 EO771 HT1080 U87

2/3 Data Omnibus <1026 <1026 <1026 <1026

Naive vs. MPDLM <1026 <1026 <1026 <1026

DLM vs. MPDLM <1026 0.097 <1026 3.6 9 1024

DLM vs. Naive <1026 4.5 9 1026 8.4 9 1024 3.2 9 1024

1 Observation Omnibus <1026 <1026 <1026 <1026

Naive vs. MPDLM <1026 <1026 <1026 <1026

DLM vs. MPDLM <1026 0.052 1.8 9 1024 0.002

DLM vs. Naive <1026 9.6 9 1026 0.016 1.0 9 1024

The MPDLM is statistically superior to both the DLM and Naive methods in all but the EO771 cell line. Note that even in this case the

difference is marginally non-significant when one subject was used in the training set.

FIGURE 8. Top left panel: One-step ahead predictive performance of MPDLM, single process DLM and naive methods for a
representative mouse from the test set (cell line HT1080). The dashed lines represent the respective 90% HPD intervals of DLM and
MPDLM. Right top panel: Posterior weights for the component models of the MPDLM with respect to time. Red: k 5 0.55, green:
k 5 0.65, blue: k 5 0.75, light-blue: k 5 0.85, pink: k 5 0.95. Bottom line panels: Forecast distributions of the MPDLM (bottom left)
and single DLM (bottom right) with respect to time. Overall, the MPDLM has better performance, yielding a narrower HPD interval at
the end while is also able to include all observations within its HPD interval.
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the single process DLM to the slower growth rate of
this tumor, compared to the average growth rate of the
training set. The HPD intervals of the MPDLM
become considerably tighter (forecast distributions are
less diffused) than their DLM counterparts after a few
measurements from this specific subject have been
incorporated.

Finally, Fig. 12 shows the predictive performance of
the three methods for another representative set of mice
from all four cell lines, in the case where one mouse was
used to construct the training set. The naive model, as
expected, performs even worse than in the case where
the training set consists of more subjects. The MPDLM
performs better overall, with the MPDLM yielding
both smaller MAD values (Fig. 7) but also narrower
HPD intervals and/or better forecast accuracy. Specif-
ically, in the examples we present, the MPDLM out-
performs the DLM in terms of forecast precision
(narrower HPD interval) in the HT1080 and U87 cell
lines. In the EO771 cell line, even though the DLM
yields tight HPD intervals, its forecast is not accurate,
with the last three observations being marginally in-
cluded or outside the HPD interval. On the other hand,
the MPDLM is able to include all observations within

its HPD interval. Something similar is observed in the
4T1 cell line, where a rapid reduction of the growth rate
in the next to last observation, causes the DLM tomake
an erroneous forecast by leaving the observation out-
side the forecast’s HPD interval. This example also
demonstrates the flexibility of the MPDLM which is
able to adjust quickly to changes in growth rate.

DISCUSSION

We propose a multi-process dynamic linear model
for tumor growth and an individualized Bayesian
forecasting method to predict short-term tumor evo-
lution, given a limited number of observed data points
as well as some a priori information about the average
response of the population in which the subject be-
longs, to a specific type of cancer. Overall, our results
suggest that the one-step ahead prediction perfor-
mance of the proposed dynamic models has promising
potential. Both the DLM and MPDLM are shown to
yield superior performance to the naive approach. For
both the experimental and simulation data, the
MPDLM yielded better performance than the DLM in

FIGURE 9. Top left panel: One-step ahead predictive performance of MPDLM, single process DLM and naive methods for a
representative mouse from the test set (cell line EO771). The dashed lines represent the respective 90% HPD intervals of DLM and
MPDLM. Right top panel: Posterior weights for the component models of the MPDLM with respect to time. Red: k 5 0.9, green:
k 5 0.9225, blue: k 5 0.945, light-blue: k 5 0.9675, pink: k 5 0.99. Bottom line panels: Forecast distributions of the MPDLM (bottom
left) and single DLM (bottom right) with respect to time. The MPDLM manages to capture all observations within its HPD interval by
alternating between two of its component models.
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a statistical sense in almost all cases (Figs. 1, 6, and 7;
Table 2).

The uncertainty of our predictions is quantified by
the HPD intervals. At t = 0, when no information
about the individual apart from the initial tumor vol-
ume is available, we predict that the subject’s response
will be similar to the baseline behavior given the
available data. However, the degree of uncertainty is
high, thus at time point t = 1 the HPD interval is often
quite large. The HPD intervals are generally a
decreasing function of time, because, as time evolves,
our confidence on the one step-ahead predictions
increases due to the new information that becomes
available from the specific tumor. Nonetheless, since
estimation is solely based on macroscopic measure-
ments, as well as because of the small sample size and/
or measurement errors, the HPD intervals often re-
main relatively large by the end of the prediction per-
iod to accommodate the underlying uncertainty
regarding what will happen in the near future.

The reasons for this uncertainty are multiple. Al-
though cancer encompasses many biological processes
occurring on many levels, e.g., genomic and molecular,
we are only observing tumor size, which is a situation
that arises often in practice. Therefore, we use a

macroscopic dynamic model to describe a complex multi-
scale phenomenon. Moreover, we have considerable
measurement errors (tumor size is measured using
calipers), small sample size, estimation of tumor vol-
ume with only two dimensions, as well as between and
within subject variation. All these reasons render the
quantification of uncertainty very important. Unlike
the vast majority of cancer growth models that do not
take uncertainty into account, the HPD intervals of
our model quantify the aggregate effect of the hetero-
geneous sources of variation on the prediction uncer-
tainty. It is therefore necessary to account for this
temporal variability when designing treatment strate-
gies in practice. This could have considerable potential
for more reliable prognosis of the state of a subject
and/or towards the development of model-based on-
line/adaptive tumor-specific therapies. For instance,
Gatenby et al.13 and Ariosto et al.3 suggested an
empirical sequential treatment plan, where the main
principle is that cancer treatment should be as dynamic
as the tumor under treatment. Thus, tumor-specific
treatment strategies should adapt to treatment out-
come at each point in time by changing the combina-
tion of drugs, dose, and length of time intervals. To
this end, they suggest an empirical/heuristic method

FIGURE 10. Top left panel: One-step ahead predictive performance of MPDLM, single process DLM and naive methods for a
representative mouse from the test set (cell line 4T1). The dashed lines represent the respective 90% HPD intervals of DLM and
MPDLM. Right top panel: Posterior weights for the component models of the MPDLM with respect to time. Red: k 5 0.8, green:
k 5 0.8475, blue: k 5 0.895, light-blue: k 5 0.9425, pink: k 5 0.99; Bottom line panels: Forecast distributions of the MPDLM (bottom
left) and single DLM (bottom right) with respect to time. The MPDLM demonstrates impressive accuracy via a bi-modal posterior
forecast distribution, achieved by using two of its component models.
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for individualised treatment strategies. Improved
strategies could be designed by incorporating sto-
chastic models that are updated at each time point, as
in the present paper. Another important feature of the
MPDLM is the observed faster convergence of its
parameters to the ones that optimally describe the
underlying mechanism. In real life applications this
feature could be crucial since we typically have a very
limited amount of data available and the condition of
an individual may change (deteriorate) rapidly. Com-
pared to the other methods we study, the MPDLM
achieves a faster convergence and/or tighter HPD
intervals in the majority of the cases (Figs. 8–11).

The proposed mixture approach is used in order to
alleviate the fact that there is no a priori information
available for the tumor under examination (we only
have access to information on the population to which
the subject belongs). Therefore, we use a finite collec-
tion of rival models, each corresponding to a different
growth behavior to identify the model (or the combi-
nation of the competing models) that better describes
the evolution process in the particular tumor. Con-
vergence to a single value of k implies that the corre-
sponding model is the most appropriate to describe the
growth dynamics of the tumor, although no simple

model actually generates the time-series Yt. From Eq.
(3) we can see that all posterior distributions, both for
ht and Yt, are discrete probability mixtures of non-
standardized t-distributions. Thus, it is possible that
the posterior mixture distribution will not be uni-
modal. Particularly, with a mixture of k symmetric and
unimodal distributions, as is the case with the Tn[m, C]
distributions in the model, we may have a posterior
density with up to k modes.

The results presented here identify considerable
room for improvement regarding short-term tumor-
specific growth prediction, with prospects to develop
individualized treatment strategies utilizing all avail-
able information through the deployment of posterior
and predictive distributions, rather than using point
estimates and predictions. Also, it is worthwhile noting
that our model may allow inclusion of various extra
covariates, e.g., genetic information, at little additional
computational cost by simply including additional
elements in the state vector. We aim to incorporate the
suggested approach in the design of optimal therapy
protocols by combining with pharmacokinetic-phar-
macodynamic models. To this end, we will use addi-
tional data from experiments in transgenic mice, which
are currently underway.

FIGURE 11. Top left panel: One-step ahead predictive performance of MPDLM, single process DLM and naive methods for a
representative mouse from the test set (cell line U87). The dashed lines represent the respective 90% HPD intervals of DLM and
MPDLM. Right top panel: Posterior weights for the component models of the MPDLM with respect to time. Red: k 5 0.8, green:
k 5 0.8475, blue: k 5 0.895, light-blue: k 5 0.9425, pink: k 5 0.99; Bottom line panels: Forecast distributions of the MPDLM (bottom
left) and single DLM (bottom right) with respect to time. The MPDLM yields more precision in its forecasts (narrower HPD intervals).
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