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Mathematical Modeling of Tumor Growth,
Drug-Resistance, Toxicity, and Optimal

Therapy Design
Marios M. Hadjiandreou∗ and Georgios D. Mitsis

Abstract—The combination of mathematical modeling and
optimal control techniques holds great potential for quanti-
tatively describing tumor progression and optimal treatment
planning. Hereby, we use a Gompertz-type growth law and a
pharmacokinetic-pharmacodynamic approach for modeling the ef-
fects of drugs on tumor progression in tumor bearing mice, and
we combine these in order to design optimal therapeutic patterns.
Specifically, we describe colon cancer progression in both untreated
mice as well as mice treated with widely used anticancer agents. We
also present a pharmacokinetic model to describe the kinetics of
drugs in the body as well as detailed toxicity models to describe the
severity of side effects. Finally, we propose a promising method-
ology by which cancer progression in mice with drug resistance
can be controlled. By using optimal control, we demonstrate that
the optimal planning of the frequency and magnitude of treat-
ment interruptions is key to the control of cancer progression in
subjects with resistance and should be further investigated in an
experimental setting, which is currently underway.

Index Terms—Cancer modeling, drug holidays, experimental
data, optimal control, pharmacokinetics, toxicity.

I. INTRODUCTION

CANCER is a leading cause of death worldwide. Many
management options exist for cancer, including chemo-

therapy, radiation therapy, immunotherapy, and surgery. Issues
faced during therapy include metastasis, drug toxicity, interindi-
vidual variability, and drug resistance.

The numerous mathematical models of cancer and healthy
tissue growth at different levels, from gene expression to the
phenomenological description of macroscopic tumor develop-
ment, have been formulated [1]–[6]. These models have em-
ployed concepts from several fields such as systems theory,
signal processing and probability theory, and include spatially
structured models, physiologically structured, continuous and

Manuscript received December 11, 2012; revised July 24, 2013; accepted
August 5, 2013. Date of publication September 6, 2013; date of current version
January 16, 2014. This work was supported in part by the European Regional
Development Fund and in part by the Republic of Cyprus through the Research
Promotion Foundation (Project Didaktor/0609/48). Asterisk indicates corre-
sponding author.

∗M. M. Hadjiandreou is with the Department of Electrical and Computer En-
gineering, University of Cyprus, Nicosia 1678, Cyprus (e-mail: hadjiandreou.
marios@ucy.ac.cy).

G. D. Mitsis is with the Department of Electrical and Computer Engineering,
University of Cyprus, Nicosia 1678, Cyprus (e-mail: gmitsis@ucy.ac.cy).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TBME.2013.2280189

agent-based, deterministic and stochastic, phenomenological,
and mechanistic. The type of modeling methodology to be em-
ployed mostly depends on the particular cancer-related process
of interest, the point of view of the modeler, as well as the type
of data that may be available to perform model estimation.

Many studies have utilized ordinary differential equations
(ODEs), which typically involve cancer dynamics alone. Gom-
pertzian growth has been widely used [1], which, unlike expo-
nential growth, also considers the reduced growth rate of the
tumor as its size increases. Other ODE models have also been
used (e.g., proliferation quiescence models; [2], [3]).

The models of cancer treatment have also been considered:
chemotherapy [2], immunotherapy [4], as well as a combination
of the above [5]. In most of this study, the reported findings have
been based on models which, to begin with, were not validated
with experimental data, thus their ability to provide results which
can be of clinical value is yet to be demonstrated. Some mod-
els included pharmacokinetics [2]; however, no particular drug
was examined through real data of effectiveness/toxicity. One
previous study [6] used mice data and toxicity was accounted
for based on weight loss. This is an improved approach; nev-
ertheless, the model considered in [6] did not take into account
the fact that in colon cancer, which was addressed, weight loss
is not only a result of drugs, but also of cancer itself [7].

Furthermore, modeling and optimization work needs to ac-
count for drug resistance being one of the most important rea-
sons for treatment failure. Some fraction of the cancer cell pop-
ulation may develop drug-resistance and thus evade eradication.
Despite the numerous mechanisms to circumvent this problem
(e.g., combination treatment), currently no holistic solution ex-
ists [8]. Resistance is unavoidable and may lead to a halt of
treatment; hence, the problem is not to eliminate the cancer-
ous tumor, but to prolong the patient’s life-expectancy [9]. Both
stochastic [9], [10] as well as deterministic models have been
developed [11] to describe drug resistance. In [12], tumor size is
analyzed as a stochastic process and the probability of having no
resistant cells appearing is examined. Two-compartment mod-
els distinguishing drug-resistant and drug-sensitive cells were
developed. The authors of [13] considered infinitely many levels
of partial resistance and the corresponding deterministic models
were formulated and analyzed in [14]. Due to their high number
of free parameters, these often only allow for a purely theoreti-
cal analysis. Others have studied drug resistance in a cell-cycle
specific context [10]. Models under evolving drug resistance
with several killing agents acting separately have also been con-
sidered [9]. Most of the resistance work used no real data for
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model development, which is important if the goal is to promote
modeling and optimal control as a therapy planning tool in the
clinic.

In this paper, we develop pharmacokinetic–
pharmacodynamic models describing tumor growth in
mice with colon cancer as well as the pharmacokinetic effect
of widely used anticancer agents CPT-11, and 5-FU. A model
of drug resistance is also developed to describe the tumor and
drug dynamics in mice developing resistance to drug docetaxel.
Toxicity models which quantify the side-effects of these drugs
are also developed. Optimal therapeutic strategies are then
developed using optimal control with very promising results
which should be explored further in an experimental setting.
Unlike other work, here we have made use of experimental
data from mice, including tumor data for both untreated and
untreated mice, pharmacokinetic data, as well as data from
mice developing drug resistance.

The paper is structured as follows: Section II presents mathe-
matical models for 1) cancer progression in mice subjects with
colon cancer; 2) mice developing drug resistance; 3) drug kinet-
ics; and for 4) quantifying toxicity in treated mice. Section III
examines optimal treatment schedules subject to reduced tumor
size and toxicity throughout treatment. Section IV summarizes
our findings and the impact of this study in area of computational
oncology.

II. MATHEMATICAL MODELING

A. Modeling of Cancer Progression in Mice Subjects

Modeling for cancer systems requires two components. The
first is an understanding of the system in the absence of treat-
ment and the second is a description of the effects of treatment.
A nominal understanding of how cancer progresses is necessary
for model construction. Initially, cancer cells typically prolifer-
ate in an exponential fashion. The simplest model, first designed
to describe tumor growth, is the exponential model, or linear
model, if one refers to the ODE rather than to its solution. As-
suming that there is no limitation to growth, each cell dividing
at a constant rate λ, i.e., with constant doubling time of the cell
population given by the relation Td = ln(2/λ), the model de-
scribing cell population (number), T , evolution with unlimited
growth is simply [38]:

dT (t)
dt

= λT (t). (1)

The size of the cancerous mass is measured experimentally as
a volume, though this mass is often referred to in terms of the
number of cells (106 cells ≈ 1 mm3) [15]. Naturally such a
simple model can only describe the very early stages of tumor
growth, when no limitation by nutrient supply or mechanical
constraints is present. To take account of these natural limita-
tions, and others, the continuous logistic model was proposed
as a first improvement. This model is given in [38]:

dT

dt
= kT

(
1 − T

T∞

)
, k > 0, 0 < T (0) < T∞ (2)

Fig. 1. Tumor growth plotted alongside mice data. Data from untreated mice
(∗, �) and from mice that received treatment (�, ×) [17].

where k is a rate costant. The model has two equilibrium points:
T = 0, which is unstable, and T = T∞, which is stable, i.e.,
the solutions, initially exploding exponentially at a rate k, will
eventually converge to the equilibrium value T = T∞.

In this study, we use a Gompertz-type growth equation, which
confirms experimental consensus that as the tumor size in-
creases, growth slows as the mass approaches a plateau popula-
tion [15]. Furthermore, Gompertz-type models are very popular
among clinicians dealing with chemotherapy and radiotherapy
since these often account for therapy rather than basic tumor
growth dynamics. The tumor dynamics in the body as predicted
by this type of models is depicted in Fig. 1 with model equations
given as

dT (t)
dt

=
1
τg

ln[θg/T0 ]
ln[θg/2T0 ]

T (t)ln
[

θx

T (t)

]
− L(T (t),C2(t)) (3)

where T (t) is the tumor volume (mm3) at time t, θg is the
plateau size (mm3), τg is the tumor doubling time (d), and T0
is the initial tumor size. The first term represents the increase in
cells due to proliferation and L is a function used to describe the
decrease in cells due to therapy. When L is 0, then (1) represents
the untreated cancer model.

L is linear in T , due to the fact that most drugs have been
shown to kill cells by first-order kinetics, i.e., the fraction of
tumor cells killed by a drug of fixed concentration is not depen-
dent upon the size of the tumor. The cell-loss term is an affine
function of drug concentration at the tumor site C2(t):

L(T (t), C2(t)) = keff (C2(t) − C2thr)H(C2(t) − C2thr)T (t)
(4)

where C2thr (ng ml−1) is a therapeutic threshold, keff (d
ng ml−1) is the drug kill rate, and H is the Heaviside func-
tion: if C2(t)−C2thr < 0, H = 0, if C2(t)−C2thr ≥ 0, H =
1. The drug will only be effective if its concentration reaches a
threshold. Below this, it has no effect on tumor; however, it still
adds to toxicity.

In Fig. 1, our predictions using the system of model (3), (4)
are plotted with experimental data from [17]. In [17], both un-
treated and treated mice with colon cancer were involved. One
group of mice received 5-FU with the other receiving CPT-11;,
however, each group also involved untreated subjects serving
as controls. In order to obtain the subject-specific tumor model
for the untreated mice, we formulated and solved (gPROMS
ModelBuilder 3.3.1 [39]) a maximum likelihood parameter es-
timation problem to estimate the doubling time of the tumor
during exponential growth, τg . The model predictions alongside
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TABLE I
PARAMETER VALUES AND STATISTICAL MEASURES FOLLOWING ESTIMATION

USING TUMOR [17], [26] AND WEIGHT LOSS DATA [26], WHERE S.D.
(STANDARD DEVIATION), CI 95%: 95% CONFIDENCE INTERVAL, AND WR:

WEIGHTED RESIDUAL

data [17] are depicted in Fig. 1 (untreated), and it can be con-
cluded that the Gompertzian model can provide a good fit to the
data of disease progression (see Table I). Standard deviation is
one order of magnitude lower than estimated τg ; thus, there is
sufficient accuracy in the estimation. Parameter accuracy was
also tested successfully using a t-test in gPROMS.

We have also studied the cancer dynamics with treatment,
which we will present next.

B. Pharmacokinetic Modeling

The dynamic effects of drug administration can be described
using pharmacokinetic models. Perhaps the most straightfor-
ward method for modeling pharmacokinetics is to assume that
the body can be approximated as a well-mixed tank. The ad-
vantage of this is the small number of parameters that can often
be estimated from experimental data. The low-order model is
an adequate approximation for compounds with rapid distri-
bution/metabolism characteristics. While this is sufficient for
drugs the action of which is based on plasma concentration, or
the treatment objective of which is pharmacokinetically driven, a
more detailed description of drug distribution is of interest when
the site of action or toxicological effect is remote to the plasma.
On the other hand, physiologically based (PB) models [18] [see
Fig. 2(a)] lie near the other extreme with regards to complexity.
According to this approach, differential equations are used to
describe concentrations in organs that are assumed well-mixed,
and dynamics can be added as needed by subdividing organs
into compartments. Mathematically [19]

VviĊvi = Fi (Cc − Cvi) + (ktvCti − kvtCvi) (5)

VtiĊti = −ktvCti + kvtCvi − rr (6)

where v: vascular and t is interstitial/tissue spaces of tissue
i, respectively. The distribution volumes of the drug are given
by Vt, C is drug concentration, and F is the blood flow rate.

Fig. 2. Panel (a): Physiologically based pharmacokinetic model. Panels
(b) and (c): 2- and 3 compartmental models expressing pharmacokinetics in
the plasma, tumor, and slowly diffused tissue.

The number of parameters in a PBPK model is significantly
higher than a compartmental PK description, and the informa-
tion necessary to estimate these parameters is typically tissue-
specific concentrations of the compound of interest. When avail-
able, these data and model structure can provide markedly
increased insight into the drug kinetics and any toxicity ef-
fects [20], however, due to the detailed information needed
these are not commonly used. In between these two extremes
lie low-order compartmental models, which we present next.
A two-compartmental model describing the kinetic behavior of
the drug and its corresponding concentration profile at the cell
level is given by [see Fig. 2(b)]

dC1 (t)
dt

= k21C2 (t)
V2

V1
− k12C1 (t) − k10C1 (t) +

d (t)
V1

(7)

dC2 (t)
dt

= k12C1 (t)
V1

V2
− k21C2 (t) (8)

where C1(t) and C2(t) are concentrations in the plasma and
tumor site (ng ml−1), respectively; V1 , V2 are volumes of distri-
bution (ml); d is the dosage (ng d−1 ); k12 , k21 , k10 : rate constants
(d−1).

The two types of therapy were considered [17]: 1) 5-FU was
given as an i.v. bolus at a dose level of 50 mg/kg once weekly
from Day 8 for 2 weeks and, 2) CPT-11 (i.v. bolus) was given
as a single dose at 45 mg/kg on Day 13. The parameters used
in the PK model are taken from [17] (kCPT

10 = 13.27, k5FU
10 =

151.2, kCPT
12 = 0.276, k5FU

12 = 5.62, kCPT
21 = 1.48, k5FU

21 =
2.31 d−1 , V CPT

1 = 4.85× 103 , V 5FU
1 =0.71× 103 , V CPT

2 = 8×
103 , V 5FU

2 = 0.1 × 103 ml) and the model results show very
good agreement with the data for both drugs in terms of
drug kinetics (see Fig. 3) as well as in terms of tumor killing
rate (see Fig. 1-Treated). The drug-killing parameters were
estimated using the maximum likelihood estimation algorithm
in gPROMS and the results are shown in Table I.
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Fig. 3. Plasma concentrations of 5-FU and CPT-11 with mice data (�) fol-
lowing a single dose of 50 mg/kg and 45 mg/kg, respectively (iv. bolus).

Fig. 4. Model predictions for plasma concentration with experimental data
(�) following i.v. bolus administration of docetaxel [20 mg kg-1].

Two-compartmental models present a good approximation
of the kinetics of many drugs; however, they are not applica-
ble to some drugs. The pharmacokinetic behavior of docetaxel,
for example, is best approximated using a three-compartmental
model, which is given by [see Fig. 2(c)]

dC1 (t)
dt

= k21C2 (t)
V2

V1
+ k31C3 (t)

V3

V1

− (k12 + k13) C1 (t) − k10C1 (t) +
d (t)
V1

(9)

dC2 (t)
dt

= k12C1 (t)
V1

V2
− k21C2 (t) (10)

dC3 (t)
dt

= k13C1 (t)
V1

V3
− k31C3 (t) (11)

where C1(t), C2(t), and C3(t) denote drug concentrations in
the plasma, tumor site, and other slowly diffused tissues, re-
spectively, Vi denote volumes of distribution, and d is drug
dosage. The rate constants k12 , k21 , k13 , k31 express the link
process between the central and the other compartments and
k10 denotes other elimination processes.

Fig. 4 depicts the concentration profile of anticancer agent
docetaxel along with experimental data [22] in tumor-bearing
mice receiving a single dose of a 20 mg kg−1 i.v. bolus. This drug
has been shown experimentally to exhibit the aforementioned
three-compartmental type of kinetics [23] as opposed to other
drugs (5-FU, CPT-11), which have been shown to exhibit kinet-
ics best described using two-compartment models. The model

Fig. 5. Left: Tumor growth with data [26] – untreated mice (�) and mice with
receiving CPT-11 (�). Right: Net body weight with data from the same study.

parameters used are from [24] and represent the kinetics as es-
timated in an experiment involving tumor bearing mice treated
with docetaxel. These mice developed resistance to docetaxel;
we consider drug-resistance dynamics below (see Section II:
drug resistance).

C. Toxicity Modeling

1) Weight Loss Model: The main objective of optimal ther-
apy planning is successful disease control. However, neglecting
drug-related toxicity is extremely important as it might prove
dangerous or even fatal to the patient.

Some previous studies have considered toxicity [2], [3] but
based this on the magnitude of drug concentration only. Because
of interpatient and drug variability, large variations can occur
across a population, and consequently average exposure (of a
generic or even specific drug) as a metric for approximating
toxicity may provide little utility. As a more quantitative and
experimentally accessible metric, reductions in body weight
are often considered in an experimental setting. By modeling
reduction this, a constraint on the maximum allowable weight
loss can be included in the treatment design algorithm.

A weight loss model may include terms related to loss due to
toxicity but also due to cancer itself. The latter has only been
accounted for in [16] and it yields a more realistic model that
may lead to improved results:

dWnet(t)
dt

= kgWnet(t) − kl1C2(t) − kl2T (t). (12)

The body weight W (t) is the total mass of the animal which
includes the mass of the tumor. The body weight for toxicity
purposes, Wnet , is calculated as Wnet = W (t) – ρT (t), where
ρ is tumor density and it approximated as being equal to that
of water [25]. This corrects body weight as the tumor burden
changes by removing its mass from that of the animal. Body
mass grows at a rate kg and decreases with the drug at a rate
constant kl1 . The effect of colon cancer on weight is accounted
for by kl2T (t).

Fig. 5 depicts body weight dynamics using the model above
for both untreated and treated mice with colon cancer (data
from [26]). The tumor dynamics for the same mice are also pre-
sented. Model parameters were estimated from the data using
the maximum likelihood algorithm in gPROMS and are de-
picted in Table I. Note the effect of the tumor on the weight of
untreated mice. These experience a reduction in weight as the
tumor grows, even though treatment has not been administered.
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TABLE II
FREQUENCIES AND RELATIVE MAGNITUDE OF SELECTED CPT-11 AND 5-FU

SIDE EFFECTS [40], [41]

The certain types of cancer, including colon cancer may cause a
reduction in body weight, and the model captures this important
phenomenon.

2) Side-Effect Index: Here, we introduce a methodology for
further quantifying drug toxicity in a more rigorous manner. It
is based on the severity and frequency of appearance of the in-
dividual side effects of each drug within a population, as found
by clinical studies. This methodology has been previously pro-
posed [28], [29] for HIV and here it is applied for the first time
in the context of cancer modeling. Table II presents the observed
side effects at standard dosage for CPT-11 and 5-FU [40], [41].
Note that the actual algorithm that we have implemented uses a
total of 57 side-effects; due to space constraints only a selection
is presented here. Severity is clearly subjective, e.g., “chills”
should be less undesirable than “heart disease.” The total side
effect of a drug regime at a given time is given as a function of
concentrations, the relative magnitude of a side effect, and its
observed frequency within a population [42]

Se(t) =
N∑

i=1

ei
Ci

2(t)

Ci
2

(13)

ei =
N∑

j∈Ji

(qj , hi,j )i ∈ N (14)

ei =
ei

max(ei)
i ∈ N. (15)

In (13)–(15), Se(t), represents the magnitude of the side effect
of a drug regime at time t, i (i = 1, 2, . . . , N ) denotes drug
index, Ji is the set of side effects related to drug i, Ci

2(t) is
the concentration of drug i at time t in the peripheral compart-
ment, Ci is the mean concentration of drug i at steady-state at
standard dosage, ei (ei) is the magnitude (normalized magni-
tude) of the side effect caused by drug i at standard dosage,
hi,j is the frequency of individuals that present side-effect j
when subject to drug i at standard regime, and qj is the relative
magnitude of side-effect j, i.e., “undesirability.” This model as-
sumes additivity of the observed frequencies and magnitudes
of side effects, and considers that the magnitude of the side-
effect index is proportional to the amount of drug administered.
The observed frequencies of side effects are modeled using
their actual values as found in clinical studies (e.g., 29% for
↓Body weight) [40], [41]. Evaluating the above formulation for
CPT- 11 and 5-FU at standard dosage, we conclude that CPT-11
is a more toxic drug when compared to 5-FU. As a result, we

Fig. 6. Mechanism of drug-resistance in the formulated model.

would expect optimization studies which utilize this informa-
tion when formulating a combination therapy for 5-FU/CPT-11
to present schedules which administer more 5-FU than CPT-11
throughout treatment duration, given that both drugs exhibit
similar anticancer effect. We will examine this point in Section
III. The total side-effect index of a drug regime, ST

e , initiated at
time t0 up until time tf is given as the integral of the side-effect
index during this time interval.

D. Mathematical Model of Drug Resistance

Drug resistance is one of the major drawbacks of chemother-
apy. Despite an increasing number of experimental/clinical stud-
ies as well as theoretical work on treatment interruptions as a
means to fight resistance in HIV [27]–[29] these have not been
studied extensively in cancer. In HIV, treatment breaks have been
studied to reduce toxicity and facilitate the interplay between
the drug-sensitive and drug-resistant HIV strains to control their
growth. In cancer, this interplay arises as a result of the reduced
fitness of the resistant strain; this has been studied experimen-
tally for the case of drug-resistant cancer cells [30]. Although
the two cancer populations are not in direct competition with
each other, the battle for nutrients leads to dynamics that are in
principle the same as those observed in competition. Next, we
present our study on drug resistance and treatment interruptions
as a treatment strategy.

Experimental data from drug-resistance tumor studies [31]
were used in model development. Specifically, we deal
with a mice developing resistance to drug docetaxel. A
3-compartmental pharmacokinetic model for this drug was pre-
sented earlier. Two compartments consisting of drug-sensitive
and drug-resistant cells were considered with the numbers of
cells in the sensitive and resistant compartments denoted by
TS and TR , respectively. Total cancer load is denoted by TT

(TT = TS + TR ). Once a sensitive cell undergoes cell division
(see Fig. 6), the mother cell dies and one of the daughters remains
sensitive. The other changes into a resistant cell with probabil-
ity μSR , where 0 < μSR < 1. Similarly, when a resistant cell
undergoes cell division, the mother cell dies, and one of the
daughters remains resistant. It has been shown experimentally
[32] that a resistant cell may mutate back into a sensitive state
with probability μRS . Denoting the inverses of the transit times
of cells through the sensitive and resistant populations by α,
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then

dTs (t)
dt

= −aTs (t) + (1 − u(t))(2 − μSR )aTS (t)

+ μRS aφTR (t) − r1TS TR (16)

dTR (t)
dt

= −aφTs (t) + (2 − μRS )aφTR (t)

+ (1 − u(t))μSRaTS (t) − r2TRTS (17)

TT (t) = TS (t) + TR (t) (18)

where the first terms on the right-hand side represent mother cell
death, the second terms describe the return flows into the com-
partments, the third terms correspond to the cross-over flows
between compartments, and ϕ is a relative fitness factor for the
drug-resistant population. The model is based on [9] and an
explanation of the mechanisms involved can be found there.
However, the aforementioned model includes important im-
provements to that work. Specifically, it has been shown ex-
perimentally [30] that the drug-resistant cancer cells, which
have undergone several mutations and developed resistance to
drugs, are less “fit” compared to the drug-sensitive strain in
terms of their growth rate given ample natural resources (oxy-
gen, glucose, etc) as well as their ability to compete for any
natural resources. This phenomenon is well documented in the
experimental literature and the drug-resistant tumor population
eventually decreases in a drug free medium as the drug-sensitive
strain grows. These important considerations are included in the
model through the relative fitness (ϕ) and competition constants
(r1 and r2 , where r1 < r2).

In the aforementioned model , drug therapy is quantified by
u(t), which corresponds to drug efficacy (∈ [0, 1], with 0 and
1 indicating no treatment and full treatment, respectively). It
is assumed that the drug has no effect on resistant cells. Drug
efficacies are often used in mathematical modeling and are a
function of the concentration and effectiveness of the drug. The
drug efficacy of an anticancer agent is [33]

u(t) =
C (t)

C (t) + ωIC50
(19)

where C(t) denotes drug concentration at the tumor site and
IC50 represents median inhibitory concentration. We assume
that IC50 as measured by phenotype assays in vitro is equivalent
to the IC50 in vivo [34]; hence, ω = 1. IC50 for docetaxel (see
Fig. 4) was set to 4.12 ng ml−1 [35] and the concentration was
predicted using the model in (9)–(11).

The results of the aforementioned model are plotted against
experimental data for tumor-bearing mice developing resistance
to a 25 mg once weekly schedule of docetaxel. Fig. 7 (top) shows
the results for the case of mouse T10. Note the response to treat-
ment during the initial stages of therapy; however, it is evident
that following the first two doses, drug-resistant tumor emerges
and prevails oversensitive tumor resulting in total cancer load
rapid growth. Resistance to docetaxel was also verified exper-
imentally in that study. Model results replicate the response
to treatment during initial therapy and the emergence of resis-

Fig. 7. Top panel: Model predictions for tumor volume with experimental data
(•) [31] for mice receiving docetaxel once weekly. Bottom panel: Long-term
model predictions for tumor volume according to the schedule in the top panel.
Total (black), drug-sensitive (blue), drug-resistant tumor (red).

tance following successive drug dosages. It can be seen that
whereas the sensitive strain is controlled by drugs, the resistant
one grows uncontrollably hence resulting in fast tumor growth.
If this mouse were to continue receiving the same treatment
schedule, cancer numbers would reach the maximum allowable
size for mice in experiments short after that, hence treatment
failure would occur (4000 m3 ; [36]). This is depicted in Fig. 7
(bottom).

The proposed model captures a number of important phe-
nomena during resistance emergence and replicates data. One
such model could be utilized in the investigation of treatment
interruptions through optimal control techniques to highlight
avenues of attack against cancer.

III. OPTIMAL CONTROL

Cancer treatment design is a field that could benefit from the
contributions of researchers in the field of optimal control. Clas-
sical feedback principles in control are not directly applicable
to most chemotherapy regimens due to the scheduled nature of
therapy and the shortage of available measurements. Therefore,
the control problem is generally recast as an optimization prob-
lem targeting a desired tumor volume trajectory subject to drug
dosing constraints [19].
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A number of studies have examined schedules of cancer treat-
ment via optimal control techniques. Various treatment types
have been used, including chemotherapy as means to deplete
cancer cells [2], immunotherapy as a way to boost the immune
system, as well as a combination of the above treatments [5].
Most of these studies designed optimal treatments using mod-
els, which were neither developed nor validated with real data.
Moreover, they did not include the pharmacokinetic behavior
of drugs involved, but instead generic drug efficacy terms were
used to represent the percentage effectiveness of the drugs fol-
lowing administration. Some studies did make use of this be-
havior [2]; however, no particular drug was examined using real
data of effectiveness/toxicity. Finally, many studies [3] formu-
lated optimal control problems to obtain a schedule that mini-
mizes the final tumor size, which while an intuitive objective, is
not necessarily clinically relevant.

An optimal control algorithm (OCP1) that can be used in
treatment design is

min J(tf ,d) =
∫ tf

t0

[a1T (t) − a2Wnet(t)]dt

s.t. ẋ = f(t, x, d)

T (t) ≤ Tmax , N(tf ) ≤ Ntarget

Wnet(t) ≥ Wmin
net , dmin ≤ d ≤ dmax , t ∈ [t0 , tf ] (20)

where dx/dt = f(t, x, d) is the model describing tumor dynam-
ics (3), (4), (7), (8), (12), t ∈ [t0 , tf ] sets the finite horizon of
the optimization, dmin ≤ d ≤ dmax sets bounds on the maxi-
mum tolerated dose (MTD) as found experimentally, and T (tf )
≤ Ttarget sets an end-point constraint for tumor size. A path-
constraint in the form of T (t) ≤ Tmax = 4000 mm3 prevents
tumor growth in excess of a maximum allowable size before
the mice is euthanized [36]. Similarly, Wnet(t) ≥ Wmin

net =
12.8 g marks the maximum allowable weight loss as set in
experimental protocols [37]. Weighting values a1 and a2 pe-
nalize extended use of the drug. Unlike other studies solving
for minimum tumor burden at a final time only, this algorithm
minimizes tumor throughout treatment. Moreover, the path and
end-point formulations add further constraints to the tumor and
weight trajectories both throughout and at the end of treatment.
This considers a more clinically relevant approach for treatment
design.

The results for the optimal treatment of the case study pre-
sented in Fig. 5 are depicted in Fig. 8 (left panel). It can be seen
that the therapy designed using optimal control is successful
in maintaining tumor at reduced sizes throughout therapy, driv-
ing the final volume to desired levels at the end of treatment.
The latter is considerably lower than the size obtained using the
treatment in the original study (60 mg kg−1 ; 1270 mm3), thus
the schedule controls tumor growth within the same horizon
more efficiently. In doing this, the dosages administered do not
exceed the MTD for drug CPT-11 and the inevitable weight loss
is within acceptable limits.

Having investigated the use of the weight loss model in the
quest for minimal toxicity, we will now examine the use of the

Fig. 8. Left panel: Optimal control using the weight loss model for monother-
apy with CPT-11 (left panel). Right panel: Optimal control using the side-effect
index for (a) monotherapy with CPT-11 (grey line) and (b) combination therapy
with 5-FU (black line) and CPT-11 (red line).

side-effect index formulation. The optimal control problem is
formulated for the case study in [17] [see Fig. 1 (right)] and is
referred to as OCP2:

min J(tf ,d) =
∫ tf

t0

[a1T (t) + a2Se(t)]dt

s.t. ẋ = f(t,x,d)

T (t) ≤ Tmax , N(tf ) ≤ Ntarget

dmin ≤ d ≤ dmax , t ∈ [t0 , tf ] (21)

where ẋ = f (t,x,d) represents (1)–(4) and (6)–(8), t ∈ [t0 =
13, tf = 39 days], dmin = 0 ≤ d ≤ dmax = 2.86 105 ng g−1 ,
and Ttarget = 100 mm3 . The weighting values a1 and a2 were
set to 1 and 1 × 107 . The optimization results for the treatment
of the subjects from [17] are depicted in Fig. 8 (right panel-
single). It can be seen that the therapy designed using optimal
control is once again successful in maintaining tumor at reduced
sizes throughout treatment, driving tumor volume to less than
100 mm−3 . This is considerably lower than the original tumor
at treatment initiation. In doing this, the drug is only given half
way into treatment at dosages which do not exceed the MTD for
CPT-11. In fact, the total side effect index achieved was 13.5,
as opposed to 22.2 which is the index found when the drug is
given at its MTD throughout treatment.

Note that using either toxicity model in the optimization, the
result is treatment schedules, which successfully control tumor
growth while at the same time keeping toxicity at acceptable
levels. In the weight loss model, this is verified by the fact that
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the weight loss is within the tolerated limits set by experimen-
tal guidelines, whereas in the side- effect index case, the index
achieved is considerably less than the one achieved at MTD.
Both methods utilize real data and are drug specific, hence
present an improved approach to methodologies employed to
date. Nevertheless, the index method might be considered more
advantageous in that it takes into consideration side effects other
than weight loss only; this is usually the case in humans treated
for cancer; hence, we consider this to be potentially more useful
in a clinical setting.

To examine further the methodology for formulating opti-
mal schedules, which utilize information about the behavior of
specific drugs as well as their toxicity, we revisit OCP2 de-
scribed above; however, this time we consider both 5-FU/CPT-
11. Combination therapies are widely used in clinical practice to
increase treatment efficacy through synergistic effects, reduce
drug-resistance, and other. The combination 5-FU/CPT-11 is
common in clinical practice for the case of colon cancer [26].
The formulation is similar to OCP2 with the only difference
being the value of dmax = 1.43 × 105 ng d−1 . Experimental re-
sults [26] suggest that the MTD for drugs in combination differs
from the MTD of the drug when administered alone.

The results for the combination treatment are depicted
in Fig. 8 (right panel-combination). In a similar manner to
monotherapy, tumor growth is inhibited considerably result-
ing in reduction in its size. In doing this, the optimal schedule
administers more 5-FU than CPT-11. This is expected because
as found previously, the latter is associated with a higher de-
gree of toxicity at standard dosage and the two drugs exhibit
similar anticancer effects as seen by the side-effect index work
aforementioned. This result could not have been possible if the
drug-specific side effects were not considered (note that 5-FU
and CPT-11 also share the same MTD as suggested by experi-
mental studies). This is an important consequence of being able
to incorporate drug-specific toxicity model terms in the opti-
mal control problem. In fact, ignoring the toxicity parameter
(α2 = 0), yields a treatment which administers both drugs at
high dosages. Moreover, the total toxicity for this treatment was
10.4, which is lower than the one achieved at MTD (13.3), but
also considerably lower than the CPT-11 monotherapy sched-
ule above (13.5). This is a result of the administration of 5-FU,
which is associated with lower toxicity. Finally, as can be seen
in Fig. 8 (right panel), combination therapy also appears to be
more effective in terms of tumor depletion, inhibiting growth
to a greater extent when compared to monotherapy, thus verify-
ing experimental results [26] which support use of combination
therapies. We consider these results promising and encouraging
for further mathematical modeling and optimization attempts,
which utilize experimental and/or clinical information and data
in an attempt to obtain clinically relevant results.

A. Drug Resistance: Are Optimized Treatment
Breaks the Solution?

In this section, we present results on the treatment of mice
exhibiting drug resistance as described earlier (see Fig. 7) using
optimal control and investigate whether the optimal manage-

Fig. 9. Chemotherapy with treatment interruptions (not Optimized). Drug-
dosage is fixed at the maximum tolerated dosage of docetaxel. Tumor reaches
maximum allowable tumor size in animals (4 000 mm3 ) very quickly and is not
controlled. Total (black), drug-sensitive (blue), drug-resistant tumor (red).

ment of the frequency and magnitude of treatment breaks can
control tumor growth.

First, we present model simulation results with different com-
binations of ON and OFF treatment at the maximum tolerated
dosage of the drug as found experimentally [31]. We used:
1) 5 days ON, 5 days OFF; 2) 15 days ON, 5 days OFF; and
3) 5 days ON, 15 days OFF and the results are depicted in Fig. 9.
In all cases the drug-resistant cancer population is not controlled,
in fact the maximum allowable size of tumor in an experimental
setting is reached 40 days after treatment initiation.

Now, we present the results of our optimal control study.
Here, we examine an optimal ON/OFF treatment schedule based
on the minimization of the total tumor size while penalizing
extended use of the drug. The administered dosage was fixed to
the maximum tolerated dose of docetaxel and treatment intervals
were allowed to vary. The treatment levels were fixed during
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Fig. 10. Top panel: Total (black), drug-sensitive (blue), and drug-resistant
(red) tumor trajectories following optimal administration of docetaxel using op-
timal control. Bottom panel: Optimal administration of docetaxel. Drug dosage
is administered at maximum tolerated dose during ON treatment.

the optimization to simplify the optimization problem. On top
of this, administration of fixed drug dosages over treatment
intervals makes sense as it helps better compliance from patients
in a potential administration.

The results of the optimal control-derived therapy are de-
picted in Fig. 10, where it can be seen that the optimal manage-
ment of the magnitude and frequency of the treatment breaks
during chemotherapy is key for tumor control, hence treatment
success. Specifically, optimal management of drug holidays ex-
ploits the different characteristics of the drug-sensitive/resistant
strains; as a result, neither the sensitive nor the resistant strain
grows in an uncontrollable manner and the total cancer load
remains at all times below the maximum allowable size. In do-
ing this, the dosages administered do not exceed the maximum
tolerated doses for docetaxel administration in mice. This result
may be explained as follows: when therapy is administered, it is
clear that the resistant strain has an advantage over the sensitive
one and will grow faster. The opposite is true in the absence
of therapy due to the reduced fitness of the former in terms of
its ability to compete for nutrients and grow; hence, the sen-
sitive strain will prevail in this case. Taking advantage of the
competitive nature of the two strains so as to prevent their un-
controlled growth using optimized treatment interruption sched-
ules has, in our opinion, great potential and should be explored
further.

IV. DISCUSSION AND CONCLUSION

Despite a long history of theoretical work in modeling can-
cer and optimizing therapy, its practical application has been

arguably rather negligible. This stems to a great extent from the
lack of collaboration of modelers with clinicians. Most studies
to date have based their findings on models which were never
developed alongside data or validated and, hence, are often paid
little attention by clinicians.

As a result, the primary aim of our study is to utilize, to the
extent possible, all information and data available from clinical
practice and experiments in order to construct models which
represent reality more closely and which may be used in opti-
mal treatment design. Specifically, herein we presented models
and control algorithms alongside experimental data from mice.
Each of these models is very important in an optimal design
framework. Specifically, we presented models for:

1) Mice not receiving any therapy in order to model the un-
treated cancer dynamics. The exponential growth of can-
cer cells during the first stages of the disease when nutri-
ents are available, as well as the slowing down of growth
as the tumor size increases is shown in the model results.

2) Mice receiving therapy with CPT-11/5-FU. The killing
effect of each drug was explicitly included in the model
and its magnitude was estimated from data. In both cases,
the results successfully represent cancer dynamics during
this period.

3) Mice receiving treatment with docetaxel and developing
resistance to this drug. Model results successfully pre-
dict drug resistance following repeated cycles of docetaxel
treatment. The model for drug resistance also takes into
consideration the reduced fitness of the drug-resistant can-
cer population in terms of its ability to compete for natural
nutrients with the “fit” drug-sensitive strain.

4) Drug-specific pharmacokinetics in tumor bearing mice,
which has been omitted in most studies to date. We
have presented a two-compartmental model to describe
the kinetics of 5-FU and CPT-11, as well as a three-
compartmental model to describe the drug kinetics of do-
cetaxel. In all three cases, we used drug-specific kinetic
data and parameter values were taken from the original
experimental studies.

5) Predicting drug-related toxicity. In other formulations to
date, toxicity was generally assessed by an inferred or
generalized toxicity term, handled by constraining input
magnitude or rate rather than the measurable and specific
toxic effect validated with real data that may be specific
to a particular drug-tumor pair. The use of toxicity mod-
els based on real data can lead to improved predictions,
especially in the case of combination therapy, where one
drug may be chosen to be administered at a higher dose
(or more frequently) over the other as a result of milder
toxicity (e.g., 5-FU in this study). Our approach to model
weight loss, which is typically used as a toxicity metric
in experiments, not only as a result of toxicity but also as
a result of the cancer itself, has been the first attempt to
incorporate this important phenomenon.

6) Use in optimal control algorithms with 1) dosage con-
straints to minimize toxicity; 2) path and end-point tumor
constraints to minimize the tumor burden, and 3) weight
loss constraints to minimize body weight loss, which is
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a result of both toxicity as well as cancer itself. An opti-
mal control case was presented for mice with and without
drug resistance. We also showed that combination ther-
apy (CPT-11/5-FU) appears to be more advantageous than
monotherapy (CPT-11 only) both in terms of lower tox-
icity as well as in terms of tumor depletion. This result
confirms experimental consensus that favors combination
therapy.

Finally, an important result was shown. Drug resistance is one
of the most important reasons behind treatment failure, and a
solution to this treatment barrier has not yet been demonstrated
with certainty. The results show that the key to overcoming resis-
tance and controlling progression is by exploiting the interplay
between the drug sensitive and resistant cells through optimized
therapy interruptions.

A. Model Selection and Limitations

Over the many years of cancer research, many types of model
have been used to represent tumor and healthy cell proliferation.
Spatial or not, physiologically structured or not, continuous or
agent-based, stochastic or deterministic, phenomenological or
mechanistic? These are some important questions which need
to be considered in each case. Since cancer is an extremely
complex biological phenomenon that occurs in many levels, it
is not feasible yet to fully describe all these multilevel processes
quantitatively; this is one of the main goals of computational on-
cology. One of the limiting factors to achieve this long-held goal
is often the lack of adequate experimental and/or clinical data
obtained from all the aforementioned levels with the required
time resolution.

If anything is known of a geometrical structure of the tis-
sue, and if diffusion phenomena (of cells, of locally produced
molecules, or of externally delivered drugs) are at stake, then
spatially structured models should be used [43]. This is true
for models of tumour invasion, in particular gliomas (brain tu-
mours), that are known to evolve with radial diffusion from a
localized point in brain, invading the surrounding tissue within
the skull. However, often no clear space structure emerges; con-
centrations of drugs may be taken in first approximation as
spatially homogeneous in a given cell compartment; similarly,
tumour and healthy cell populations, of different maturation
stages, together with vessels, immune cells, possibly acellular
necrotic zones, look very mixed up when observed with a micro-
scope, so that space is not always a relevant structure variable
for model design in cancer growth. In this case, a nonspatial
model should be used.

Therefore, as there is clearly no universal cancer model that
could be applied to all cases, we strongly believe that model se-
lection should be based on cancer type, the type of experimental
data that may be available and most importantly the main aim
of each study.

We are confident that for the purpose of the study to test a
promising treatment methodology using animal data (nonhuman
and nonmetastatic) and optimal control algorithms, the use of
a Gompertz model is well justified, albeit the limitations that
may exist. It is a rather different problem to represent, on the

one hand tissue growth with the idea to describe all phenomena
determining hyperplasia, local, and later remote invasion of a
budding tumour, and on the other hand cell population dynamics
of the same tumour with control targets, in the perspective of
using pharmacological means known to inhibit tumor growth.

Despite their simplicity, Gompertz-type models are very pop-
ular because they have been shown to be appropriate for the
prediction of the average growth behavior of a tumor in several
settings. The fact that they can also be used in optimal control
algorithms during treatment optimization work, further justifies
their use in our study.

We believe that this study is of great importance and the
methodology described herein very promising and worth ex-
ploring further in an experimental setting as a first step before
clinical testing. We are convinced that this is the main route
forward. Mathematical and clinical optimality are not neces-
sarily equivalent and the eventual use of a treatment is in the
clinic. Toward this direction we are currently testing the pro-
posed methodology in transgenic mice and we will present the
findings in a future study.
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